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Abstract. We derive new examples for algebraic relations of interacting 
fields in local perturbative quantum field theory. The fundamental building 
blocks in this approach are time ordered products of free (composed) fields. 
We give explicit formulas for the construction of Poincare covariant ones, 
which were already known to exist through cohomological arguments. 

For a large class of theories the canonical energy momentum tensor is 
shown to be conserved. Classical theories without dimensionful couplings 
admit an improved tensor that is additionally traceless. On the example of 
ip -theory we discuss the improved tensor in the quantum theory. Its trace 
receives an anomalous contribution due to its conservation. 

Moreover we define an interacting bilocal normal product for scalar the- 
ories. This leads to an operator product expansion of two time ordered fields. 

ZusAMMENFASSUNG. Im Rahmen der kausalen Storungstheorie leiten wir 
neue Beispiele fiir algebraische Relationen wechselwirkender Quantenfelder 
her. Wir geben explizite Formeln fiir die Konstruktion Poincare kovarianter 
zeitgeordneter Produkte freier (zusammengesetzter) Felder an, welche in 
diesem Zugang die Grundbausteine bilden. Bisher war nur deren Existenz 
aufgrund kohomologischer Argumente bekannt. 

Fiir eine grofie Klasse von Theorien zeigen wir die Erhaltung des kanon- 
ischen Energie-Impuls- Tensors. Fiir klassische Theorien, die keine dimen- 
sionsbehafteten Kopplungen enthalten, existiert ein verbesserter Tensor, der 
zusatzlich spurfrei ist. Am Beispiel der (^^-Theorie untersuchen wir diesen 
Tensor in der Quantentheorie. Als Folge der Erhaltung bekommt die Spur 
anomale Beitrage. 

Dariiberhinaus geben wir die Definition eines bilokalen wechselwirk- 
enden Normalproduktes fiir skalare Theorien. Mithilfe des Normalproduktes 
finden wir die Operator-Produkt-Entwicklung fiir das zeitgeordnete Produkt 
zweier Felder. 
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CHAPTER 1 



Introduction 



"There is a theory which states that if ever 
anyone discovers exactly what the Universe 
is for and why it is here, it will instantly 
disappear and be replaced by something 
even more bizarre and inexplicable . 



I 



Today quantum field theory (qft) provides the best unification of classical 
relativistic field theory with the axioms of quantum mechanics. During the 
last decades a high agreement between theoretical predictions and observed 
data was achieved. The theoretical results referring to experimental data from 
scattering processes are usually derived via perturbation theory around the free 
quantum field or around the classical field theory. In these regimes either the 
coupling or Planck's constant can be regarded as a small parameter and therefore 
perturbation theory seems to apply as a suitable tool. 

On the other hand there is no hope to derive any realistic statement about 
the strong coupling regime of elementary particle physics from the perturbative 
point of view. This subject is addressed in the formulation of QFT on the 
lattice where spacetime becomes discrete. In the last years especially lattice 
gauge theory benefits from the increasing computing power that is available to 
describe the structure of hadrons. 

A quite severe drawback in the formulation of QFT is the fact that up to 
now no realistic model of an interacting non perturbative and continuous theory 
exists in four dimensions. Therefore the perturbative approach has become the 
most popular one, (see e.g. | IZ85| ). The quantization of free fields as an opera- 



tor relation following the principles of quantum mechanics and special relativity 
constitutes the starting point. The interaction is introduced as a perturbation 
and the coupling is treated as an expansion parameter for the interacting Green's 
functions. These functions show two different divergencies, ultraviolet and in- 
frared ones. The former ones reflect the distributional character of the free field 
operators whereas the latter ones originate from the long range forces carried 
by massless particles. These divergencies are removed in the various processes 
of renormalization, of which we mention only the most general one given by 
BPHZ(L). Unfortunately, all investigations concerning the convergence of the 
perturbation series yield a negative result. 

In contrast to the perturbative formulation of quantum field theory which 
relies on the existence of some specific models, an axiomatic approach to quan- 
tum field theory (also called algebraic qft) was given by Haag and Kastler 



^to be continued on page B5l 
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| Haa92| [and references there]. In their approach the starting point is the exis- 
tence of a net of local algebras of observables. The principle of locality is taken 
into account by the requirement that space like separated observables commute 
reflecting the fact that measurements on space like separated experiments can 
not influence each other. Under the requirement that the Poincare group is 
unitarily implemented and isotony holds the net is completely fixed. A repre- 
sentation of this abstractly defined algebra by operators on a Hilbert space is 
generated through the GNS-construction provided one has defined (physically 
relevant) states, namely positive normed linear functionals. 

Neither the existence of quantum fields nor of particles serves as an input and 
their correlation still is a subject of research | BHOQ|| . Especially the treatment 
of non perturbative and model independent effects, like the relation between 
spin & statistics turn out to be customary applications of algebraic QFT. 

An adapted version of perturbative quantum field theory that fits nicely 



into the algebraic framework was derived by Bogoliubov, Shirkov [BS76] and 
Epstein-Glaser [EG73]. Their approach focuses on the construction of a local 
5-matrix as a formal power series of a compactly supported coupling by the 
axioms of causality and Poincare covariance mainly. This 5-matrix gives rise to 



a local observable in the algebraic sense | BF96 |, namely the relative 5-matrix. 
From this functional interacting (composed) fields are derived which serve as a 
a basis for local observables constituting the local algebras. By the principles of 
locality, the S'-matrix only has to be known in the region in which the interacting 
algebras live and on which the coupling is kept fixed. No IR-divergencies related 
to an infinite range of interaction appear. Moreover the inductive construction 
takes care of the UV-renormalization in a very elegant way. The limit in which 
the coupling becomes a constant over all spacetime like in the usual approach is 
referred to as the adiabatic limit. Since all objects are defined by formal power 
series the question of convergence is not addressed in that framework. 

Local perturbation theory was applied successfully to QED | pch95[ |[and ref- 
erences herein]. Blanchard and Seneor | BS75fl have shown that the adiabatic 
limit for Green's functions and for Wightman functions exists for QED and also 
for massless c/9^-theory. Epstein and Glaser already proved the existence of the 
adiabatic limit in massive theories [EG7S]. 

It was shown by Diitsch [ Dut97 | that the Epstein-Glaser definition of Green's 
functions yields the Gell-Man-Low formula in that limit. But for non Abelian 
gauge theories the situation is worse. Therefore one tries to avoid the adiabatic 
limit in general. In [ BFO0(| Brunetti and Fredenhagen have shown that a vari- 
ation of the interaction outside the localization region only acts as a unitary 
transformation on the interacting fields. Moreover they have given a purely 
algebraic construction of the adiabatic limit. 

The elementary building blocks for the 5-matrices are the time ordered 
products of (composed) free fields, i.e. Wick monomials. In their inductive 
construction ambiguities generically appear through the process of extending 
distributions. Restrictions on these extensions are called normalization condi- 
tions. The requirement of Poincare covariance forms the most important one. 
Stora and Popineau pP82| and Diitsch et al. [PHKS94|| , ||Sch95|] [chaptCTjl5] 
have given a cohomological existence proof of such an extension. In [ [BPP99| ] 
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we presented an explicit extension in lowest order and gave a general result in 
| Pra99b|| in form of an inductive construction. 



Further normalization conditions have been given in |DF9£]. They imply 



the interacting field equations. In | Boa99 | Boas has given a generalization of 
these conditions such that they can be applied to derivative couplings, too. 

In the perturbative construction of QFT's symmetries play a major role. 
In classical field theory any symmetry of the Lagrangian gives rise to a con- 
served current via the Noether procedure. In the corresponding QFT one tries 
to preserve as many of these symmetries as possible. The breaking of a classical 



symmetry in the quantum theory is called an anomaly. In | DF99 | ERST invari- 
ance was shown to hold for QED and in [ Boa99|] the result was extended to non 
Abelian theories. The corresponding current conservation follows from a Ward 
identity for time ordered products involving one (free) current. These identities 
can be regarded as further normalization conditions. 

This thesis focuses on two subjects. The first deals with translation invari- 
ance. In classical field theory the energy momentum tensor (emt) is derived as 
the Noether current subject to a translation of the fields. In our situation trans- 
lation invariance is broken through the coupling term and translation invariance 
only holds where the coupling is constant. We show that the same conserva- 
tion equation can be maintained in local perturbative QFT for a quite general 
theory without derivative couplings. This equation is a consequence of a Ward 



identity which we prove with the methods developed in | DF99 , Boa9£]. Our 
result coincides with a similar investigation by Lowenstein |Low71] who also has 
shown the conservation of the canonical EMT for ip'^-theory in the framework of 
Zimmermann's normal product quantization [ Zim71| , Zim73a| . 

For classical theories which possess no dimensionful parameters an improved 
EMT exists which is also traceless | CCJ7CI|| . The improved tensor is derived by 
addition of a conserved tensor, called improvement tensor. On the example of 
massless (/j'^-theory we show that in the perturbative local formulation there still 
exists a conserved improvement tensor by a corresponding Ward identity. But 
the improved EMT inevitably produces the well known trace anomaly ||CJ71 | by 
virtue of the compatibility of both Ward identities. The anomaly is only defined 
up to a real parameter related to some normalization choice. Our result is in 



accordance with Zimmermann's analysis [|Zim84[| who also has given a derivation 
of the anomaly in terms of normal products. 

The second focus is on the derivation of an operator product expansion in 



local perturbation theory. In | Zim71 , Zim73b | Zimmermann has generalized his 
concept of local normal products to the case of bilocal normal products which 
allow for restricting the coordinates to the same value (the same way which 
is allowed in Wick or normal ordering of free fields). With the help of these 
objects he found an operator product expansion of the time ordered product of 
two scalar fields as suggested by Wilson [ Wil69 |. We give a similar approach 
here. The definition of a time ordered product with a bilocal Wick product in 
one entry allows for an operator product expansion of the time ordered product 
of the corresponding interacting fields. We perform the construction for (p - 
theory. With these interacting normal products we suggest a definition of a 
ground state in analogy to the free field case. We show that the corresponding 
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two point function is positive in the sense of formal power series as defined in 



pF99i . 

The thesis is organized as follows. In chapter |2| we review the process of 
quantization of free scalar fields which are the fields that our thesis mainly 
deals with. 

Chapter ^ introduces the notion of time ordered products. We use the 
formulation of Boas |Boa9E] where auxiliary variables are used instead of Wick 
products. The inductive construction in the form |BF96, BFO0| is explained. 



Then the normalization conditions [1DF99 , Boa99|1 follow. We cite the solution 
of the Poincare covariant extension from [BPP99, Pra99b ]. 

Interacting fields as formal power series according to Bogoliubov and 
Epstein-Glaser | BS76 , EG73 | are introduced in chapter ^. 

The EMT is discussed in chapter g. The canonical tensor is shown to be 
conserved locally for a quite general theory without derivative couplings. Its 
charge is shown to define the interacting momentum operator. The improved 
tensor is studied on the example of massless c/9^-theory. The trace anomaly is 
derived. 

In the last chapter |6| we study the OPE for the time ordered product of two 
interacting scalar fields. The expansion follows from a suitable definition of a 
bilocal time ordered product. 

At the end we give a conclusion and some outlook. 



CHAPTER 2 

Canonical quantization of free scalar fields 

We review the process of quantization for the (bosonic) scalar free field. Our 
presentation of the subject follows the lecture notes ||Fre99| . It emphasizes the 
possibility to define the algebra of the quantum field first in a purely algebraic 
manner. A representation of this algebra by (unbounded) operators on a Hilbert 
space is derived via the GNS-reconstruction once a state on the algebra is given. 
With the usual two point function defining a quasi free state, the Hilbert space 
becomes the usual symmetric Fock space. 

Minkowski space is denoted by M and the scalar product is x ■ y = xy = 
VfMuX^'y". 

1. Free quantum field algebra 

We consider the free scalar field f of mass m which solves the Klein- Gordon 
equation: 

Dip = (a + m'^)ip = 0. (2.1) 

As a hyperbolic differential equation the Klein-Gordon equation possesses 
a fundamental solution A G D'(M) with causal support, suppA G 1/+ U V-, 
which solves the equation (in the weak sense): 

A{Df) = 0, V/ G D(M) (2.2) 

and has the following initial values: 

A(0,x) = 0, 9oA(0,x) = -5(x). (2.3) 

Then any solution of the differential equation is completely determined by the 
initial values at time t: 

/(t,x) = </.o(x) 5o/(t,x) = (/>i(x), (2.4) 

according to 

/(xO, •) = A(xO -t)*4>i + (5oA)(xO - t) * cf>o. (2.5) 

The distribution A has a unique decomposition into advanced and retarded 
Green's functions: 

A = Aret - Aav, (2.6) 

DArct.av = S, SUppAret G V±, (2.7) 

av 

The algebra of observables 21 is defined as an abstract algebra generated by 
^{f),f G I'(M) and the following conditions: 
I. / I— > (p{f) is linear, 

11 
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II. cpiDf) = 0,_ 

III. (^(/r = (/.(/), 

IV. Mf),^{g)]=i{A*g,f). 

The *-operation is an algebra involution. The brackets {t,f) = t{f),f G I'(M) 
denote the evaluation of the funtional t G T)'(M.) and the * means convolution. 
The algebra 21 is uniquely determined as a *-algebra with unit. If the supports 
of the test functions are contained in a bounded (usually causally complete) 
space time region one talks about the local algebra of observables 21(0). 
The commutation relation is frequently written as 

[<f{x),^{y)]=iA{x-y). (2.8) 

2. Representations of the observable algebras 

A state oj on the observable algebra 21 is a linear functional a; : 21 1-^ C with 
the properties: 

w(I) = 1, (2.9) 

uj{A*A) > 0. (2.10) 

If a state on 21 is given one gets a representation of 21 by operators on a Hilbert 
space via the GNS construction. Since the algebra is generated by (/?(/) the 
state is already determined by the n-point functions: 

OJn{h,...Jn)=Oj{^{h)...V{fn))- (2.11) 

A special class of states is given by the quasi free states: All higher n-point 
functions are completely determined by the 2-point function uj2. Because of 
( 2.101) the 2-point function has to fulfil the positivity condition: 



j dxdyuj2{x,y)f{x)f{y) > 0. (2.12) 

3. The Fock space 

Prom the notions above the construction of a representation space is just an 
application of the GNS theorem. We start by choosing a suitable 2-point func- 
tion, which is given as usual by the positive frequency part of the commutator 
function. This completely defines a quasi free state on the algebra, called the 
vacuum state wq. 

We begin by introducing some abbreviations. The mass shell is defined by 
the hyperboloid 

Hm = {p€M.'^,p'^ = m'^,p^ >0}. (2.13) 

We denote a four vector on the mass shell by 

H^3p={Ep,p), (2.14) 



Ep = Vp^ + m2. (2.15) 

The invariant volume measure on the mass shell is given by 



3. THE FOCK SPACE 13 

With these abbreviations the commutator function is found to be 

A{x) = -2 / dp sm{px). (2.17) 

The verification of this expression only requires to check if it fulfils the Klein- 
Gordon equation (^j^) and the right initial values given by (2^). The positive 
frequency part of A is denoted by A_|_. It is given by: 



A+(x) = / dpe-*P^\ (2.18) 

Corresponding to our state loq we define the 2-point function by 

iOo{^{fMg))=i{f,A+*g). (2.19) 

Bearing in mind that we are working with distributions we can write this as 

U2{x,y)=iA+{x-y). (2.20) 



Because of ( |2.8| ) and ( |2.9| ) the commutator is given by the asymmetric part of 
the 2-point function, hence: 

iA(x) = A+(x)- A+(-x). (2.21) 

Computing 

M7,f) = j dydxu:2{x,y)l{x)f{y) = J dp \f{p)\' > 0, (2.22) 

we find that the positivity condition ( 2.12| ) is fulfiled. Therefore uj2 defines a 
positive semi definite scalar product on ©(M). This generalizes to a positive 
semidefinite scalar product (•,•) on T'(M") via 

/n 
dxi . . . dx„dyi . . . dy^ JJcj2(xi, yi)f{xi, ..., Xn)g{yi, ■■■, Vn)- 
i=\ 

(2.23) 

Now consider the space of sequences of test functions (<l'n)n>o with: $o £ 
C,$n G D(M"), and $„ is invariant under any permutation of its arguments. 
It is equipped with a positive semidefinite scalar product 

oo 

($,vI/) = ^ ((!.„, vI/„), (2.24) 

n=0 

where the scalar product on the RHS is given by ( 2.23| ) for n > and ($0) ^o) = 
<l>o^o- The space 

^(1)(M^)) = {$, $„ G D(M"), ($, $) < oo}, (2.25) 

is the symmetric Fock space . To define an action of ip on ^(D(M)), we have 
to define an action on a dense subspace, which consists of finite sequences only, 
denoted by 

p = {$ G:F,3mGN,^„ = 0,Vn>m} c:^. (2.26) 
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The field operator is decomposed into creation and annihilation operators ac- 
cording to (/>(/) = a{f) + a*{f). These operators act in Fock space in the 
following way: 

(a(/)$)„(xi,...,Xn) = Vn + 1 / dxdy f{x)uj2{x,y)^n+i{y,xi, . . . ,Xn) 

(2.27) 
Jo, n = 0, 

(2.28) 

This automatically implements the commutation relations (|2.8| ). Dividing out 
the ideal M that is generated by the null space of the scalar product produces a 
pre Hilbert space 7i = T jM . Because of (|2.22|) M consists of all test functions 
/ whose Fourier transform^ f{Pi,---,Pn) vanish if at least one momentum pi is 
on the mass shell, pi G Hm- 

The representative of the class (1,0,0,...) G !F is called the vacuum 
vector. It defines a state ujq on 21 according to ojq{A) = {Q.,AQ). The scalar 
product (•, •) now is the positive definite one on the classes of TL. The state ujq 
has the two point function 0J2. 

The relations (2.27), ( 2.28| ) uniquely fix the higher n-point functions by uj2 
according to 

UJ2n+l = 0, (2.29) 

i02n{xi,...,X2n)= ^ JJ L02{Xi,Xj). (2.30) 

pairings of {l,...,n} pairs i<j 

Hence ujq is a quasi free state. 

We define a unitary representation of the proper orthochronous Poincare 
group on J^(D(M)) by 

{U{L)^)n{xi,...,Xn) = ^n{L-^Xi,...,L-^Xn), VL G T'j, (2.31) 

with Lx = Ax + a, L~'^x = A~-'^(x — a)^ L = (a. A). That U is unitary follows 
easily from the fact that UJ2 is invariant: uJ2{Lx^Ly) = uj2{x,y). Then the field 
operator transforms according to 

U{L)ip{x)U{L)-^ = if{Lx). (2.32) 

4. A remark on the commutator functions 

Let us look how the different relatives of the commutator functions look like 
in our convention. With the support properties and our definition (^^), (|2.7[) 
we have: 

Aret(x) = 0(x°)A(x), (2.33) 

Aav(x) = -0(-xO)A(x) = ^rot{-x). (2.34) 



^All conventions and symbols are explained in appendix 
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Inserting the representation ( ^.17 ) one finds: 

Arct/av(2;) = -TTT-u / d P— 2 -L • " (2-35) 

Another very important distribution emerges from the time ordering of the 2- 
point function, namely the Feynman propagator. 

iA^(x) = Q{x^)^^(x) + 0(-x°)A+(-x) (2.36) 

= iAret(x) - A+(-x) (2.37) 

= iAav(x)-A+(x) (2.38) 

= iA^(-x) (2.39) 



/p-ipx 
d^P^ -• (2.40) 



(2vr)^ 
Because of (2/7), A^ is a Green's function, too: 

(n + m2)A^ = 5. (2.41) 

An exphcit configuration space expression of all these distributions can be found 
in [|Sch95|] [chapter 2.3]. 
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CHAPTER 3 

Time ordered products 

In the last chapter we have discussed the free scalar quantum field, obeying 
the Klein-Gordon equation. We introduce Wick polynomials of this field, that 
are composed operators and allow to define interactions, currents and the energy 
momentum tensor, for example. The introduction of a perturbative interaction 
into the theory requires the definition of time ordered products (T-products) of 
Wick polynomials. The naive ansatz for a time ordering prescription of n Wick 
monomials would b^ 

T{Wi{x,)...Wn{xn)) = 

= Yl ^(^°(l) " ^°(2)) • • • ^(4(n-l) - 4(n))^7r(l)(2;^{l)) • • • W^^n){Xn{n))- 
vre5„ 

(3.1) 

Unfortunately the operators are distribution valued and the 9 function is not 
continuous at 0. Therefore the above products are not a priori well defined. As 



long as the Wi are linear in the fields (|3.lD still works but already at the level of 



quadratic Wick monomials in the fields this naive ansatz breaks down leading to 
the well know ultra violet divergencies in generic (perturbative) quantum field 



theories. On the other hand we see that (|3jJ) gives a well defined expression as 
long as no points coincide. 

In the definition of time ordered products the arguments are Wick products 
(or linear combinations of them). Hence different (looking) Wick monomials 
may be related through free field equations, e.g. dip and —rr?Lp represent the 
same object. It turns out to be useful to solve this degeneration by introducing 
an abstract algebra *B of auxiliary variables that is freely generated, as was 
shown by Boas [ Boa99|] . Then the time ordering becomes a map from !B" to 



operator valued distributions on V. Hence, commutators and free field equations 
are formulated for first order T-products. Moreover this language is adapted 
to deal with couplings containing derivated fields, like Yang-Mills for example 
| Boa99 |. We present the algebra 53 in section |l|. 

A very elegant solution for the definition of time ordering has been given by 



Epstein and Glaser |EG73|, following ideas of Bogoliubov and Shirkov |BS76| 



and Stiickelberg. A more accessible way was suggested by Stora | Sto93| ] and 



worked out in detail by Brunetti-Predenhagen |BF96, BFO0| , [Fre99 |. We review 



their solution in section |2|,^. Starting point is a set of axioms from which the 
causality - decoding the time ordering - is the most important one. Then, 



^If there are also fermions and g host fie lds present, this ansatz requires a modification 
involving the sign of the permutation JBoa99||. 
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18 3. TIME ORDERED PRODUCTS 

for every order the products are determined up to the total diagonal (all points 
coincide) by the products of lower order. Therefore, one is left with an extension 
problem that can be solved in distribution theory. 

As is well known in quantum field theory this solution is not unique in 
general. Therefore one forces the time ordering to respect certain symmetry 
relations. Moreover it has turned out to be useful to demand two more properties 
for the time ordered products: One deals with the case that one argument is 
a field (and imply the equations of motion for the interacting fields, defined 
in the next chapter). The other one relates the normalization of the operators 



to a normalization of vacuum expectation values [pF99| . All these conditions 
together are called normalization conditions. They are presented in section §. 

A very important normalization condition is given by the property of 
Poincare covariance. Epstein and Glaser gave a proof of the existence of such a 
T-product for massive fields [lEG73|| . Later Stora-Popineau [ SP82 ] and Diitsch 



et al. [DHKS94], [ Sch95|] [chapter 4.5] found a cohomological existence proof that 



applies to arbitrary fields. In |BPP99| we have worked out their solution into an 
explicit form in lowest order perturbation theory. An inductive construction for 
higher orders was given in | Pra99b ]. These preprints are subject of section |5|. 



1. The algebra of auxiliary variables 



This section follows Boas [|Boa99| . Since our work focuses on scalar fields 
we formulate this section for bosonic fields only and comment on the changes 
that are relevant if fermionic (or ghost) fields are present. The necessary modi- 



fications can be found in | Boa99| . 



The algebra 03 is defined as a freely generated *-algebra adapted to the 
fields that our quantum theory is formulated with. Assume our model contains 
r fields ifi, . . . ,ipr. The (pi are called basic generators. Additionally we have to 
consider spacetime derivatives, denoted by ^i,^^^2,---- The elements of the set 

= {(/?j,(/7i,^,,(/9i,^i^2,...,i = l,...,r} (3.2) 

are the generators of 53. We define !B as the unital free commutative algebra]^ 
generated by the elements of 6. There is a natural definition of the derivation 
with respect to the generators according to^ 

^ = ^ll (3.3) 

d dA dB 

Assume our free quantum field operators transform under the Lorentz group 
according toy 

t/(0, A)^i(x)[/(0, A)-i = D(A-i).Vj(Ax),VA G c\, (3.5) 



^Fermions (and ghosts) give rise to a charge and additional (anti-) commutators. The 
corresponding equivalence relation has to be divided out. 

^The derivative becomes graded for fermions (and ghosts). 
*We assume summation over double indices. 
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T 



where D is a finite dimensional representation of C\_ and t/ is a unitary repre- 
sentation of of P_J_ on V. The Lorentz group acts on *B as an algebra homomor- 
phism, i.e. a hnear mapping which satisfies 

D{K) \T\vi\ =\{D{K){^i), A G 4, ^, G 6. (3.6) 

Hence we only need to specify the action on the generators: 

D(A)(v9.) = Z)(A).V.-, (3.7) 

D{h) (v'.,^,..^J = A^/^ . . A^/"Z)(A),V,,.i....„- (3.8) 

At the end we have additionally a *-involution acting on *B according to 

{aABf =aB*A*. (3.9) 

For one scalar field this is obviously trivial 

V'* = </5, and H^\...u„='P,ui...ur,- (3.10) 

Let us mention that the goal of this algebra is that a field and its derivatives 
are treated as independent objects, thus allowing to uniquely define a derivative 
with respect to a generator. This symbolic derivation is the same one uses in 
classical mechanics for deriving the Euler-Lagrange equations, for example. 

Now we discuss the mapping of elements of 53 to Wick polynomials on V. 
This is obtained by the time ordering map T of one argument: 

T:53H^Disti(P), (3.11) 

where Disti denotes the space of operator valued distributions on P, namely 
the set of linear continuous maps !D(M) i-^ End(P). The mapping T is C-linear. 
But it is no algebra homomorphism since there exists no product because of the 
distributional character of the images. On the generators the map is defined as 
follows: 

T{^i){x) = ^i{x) (3.12) 

T{Lpi^^^,„y^){x) = du,... du„fi{x). (3.13) 

The free fields are quantized according to 

[T{^i){x),T{^j){y)] = iA,j{x - y), V(/?i, v^, G (S C 53. (3.14) 

Since the indices i,j also represent higher generators the corresponding commu- 
tator contributions are given by 

A^,^ll...^J.„ j,Ui...Um — \~) (^fJ-l ■ ■ ■ ^Mn^J^l • • • '^Vm'-^ij- (3.15) 

The equations of motion read: 

D.jTi^,) = 0, (3.16) 

where D is a hyperbolic partial differential operator. Then we define the map- 
ping of general elements ofWG^ through the implicit formula: 

[TiW)ix), T((^,)(y)] = ^T i^—j {x)A,,ix - y), (3.17) 

LJo{T{WKx)) = 0. (3.18) 
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As was shown by Boas this fixes the T(W) uniquely: Let W = Y\-ifi he a 
monomial, then T{W) ='Y\ifi'- The colons denote Wick (or normal) ordering 
which is defined by the recursion 



■^hixi) 



:I 


= 1, 


■.ipi{x) 


= Mx), 


V^iniXn) 


= -Viiixi) 



(3.19) 
(3.20) 



(pi„_,{Xn-l): ipi„{Xn) + 
'^UJ2ui„{xi,Xn) :V3ii(xi)--- / . . . ipi^_-,{Xn-l) : ■ 



n~l 



i=l 



Since (|2.3QD is just the summation of this recursion we have 

^oi-'fhixi) ■ ■ -^iniXn)-) =0. 



(3.21) 



(3.22) 



The normal ordering allows to restrict the distributional operators to any sub 
manifold of coinciding points. This provides us with composed fields like 

: <^{xf :, : <^{xf^U^{x) :, : d^^{x)dy^{x) :, . . . (3.23) 



From the definition ( |3.19| )-( |3.21| ) follows, that derivations commute with the 
Wick ordering and the free field equations hold inside the Wick colons. 

Because of the free field equations the map T defines a non faithful repre- 
sentation of *B in Disti(2?). 

2. The axioms for time ordered products 

We have related the symbolic algebra *B to the vector space of Wick polyno- 
mials by the T operation of one argument. Now we formulate the axioms that 
make T a time ordered product of n arguments that reduces to the naive ansatz 



(|3.lD for non coincident points. 

Let us denote elements of !B by Wi such that under the map T : Wi i-^ T{Wi) 
represents the Wick polynomials whose time ordering should be defined. The 
space of distributions on ©(M") with values in End(P) is denoted by Dist„(2?). 
We require the T-products to fulfil the following axioms: 

PI. Well-posedness.The time ordered products of n symbols denoted by 
T(Wi, . . . ,Wn){xi, . . . ,Xn) are multi lineaijj strongly continuous maps 
!B"^Distn(P). 

P2. Symmetry. The time ordered products are invariant under any permu- 
tation of their arguments,^] 

T (T^,(i), . . . , W^,(„)) (x,(i), . . . , x^(„)) = TiWi, ..., Wn){xu ..., Xn). (3.24) 

Vvr G Sn- 



^We also allow for the mapping (6°° ® *8)" h^ Dist„(23) according to 
T{fiWi,...J„Wn)ixi,...,x„) = f{xi)...f{x„)T{Wu...,W„){x^,...,x„), which for /. = 
1,VJ, reduces to the above case. 

^If fermions or ghost ar e presen t there is an additional (-l)-factor corresponding to the 
sign of the permutation, see |Boa99|. 
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P3. Causality. Assume the points xi, . . . ,Xn can by separated by a space like 
hypersurface, such that Xj > Xj,\/i = 1, . . . ,k,j = k + 1, . . . , n, with the 
notation: x > y <^ y ^ V-^-{x). Then the T-products factorize: 

T{Wi,...,Wn){xi,...,Xn) = 

= T{Wi, ..., Wk)ixi, . . .,Xk)T{Wk+i, ..., Wn){xk+i, . . .,xn). (3.25) 

P4. Translation covariance. Under a translation the T-product transforms 
according to 

(AdC/(I, a))T{Wi, ..., Wn){xi, ...,xn) = T{Wi, . . . ,Wn)ixi + a, . . . ,Xn + a)). 

(3.26) 

We use the abbreviation T{I){xj) = T{Wi,i e /) {xi,i G /). The causality 
condition P3 implies that space like separated time ordered products commute, 
since i' ~ J <^ (i' > J) A (I < J) implies 

T{I U J)(x/uj) = T{I){xi)T{J){xj) = T{J){xj)T{I){xi). (3.27) 

We have demanded multi linearity in PI. Therefore it is important that the 
arguments of the T-products are from our algebra 53 where no equations of mo- 
tion hold. Otherwise all time ordered products containing the Wick polynomial 
: (/jDt^ : -|- : rn^ip^ : would be zero for example. Although this choice provides 
for a well defined time ordering prescription we encounter a situation where one 
needs a non zero definition, i.e. in the energy momentum tensor. 

3. The inductive construction 

The last section has stated the axioms for time ordered products. Now 
we formulate an inductive construction: under the assumption that all prod- 
ucts are know up to order n — 1 we show how to derive T in order n. This 
procedure goes back to Epstein and Glaser [ EG73|] . They determined a causal 



distribution through T-products of lower order and developed a procedure for 
a causal splitting into a retarded and advanced supported part - analogous to 
the decomposition of A into Aret and Aav but also applicable to more singular 
distributions. Then the time ordered product can be expressed by the splitting 
solution. 

Later, Stora has suggested a method to derive the time ordered products di- 
rectly, without the detour using the advanced and retarded distributions | Sto93| . 



Brunetti-Fredenhagen | BF96 , BFOO | have provided a complete analysis (and 
moreover generalized the whole construction for the treatment of scalar fields 
on curved spacetime) based on that idea which we review here. 

3.1. The induction start. If we have no arguments for our T-product we 

set 

T(0) = I e End(P). (3.28) 

The T-products of one argument were already defined in the last section accord- 
ing to 

T{W){x)=:W{x):£Bisti{V). (3.29) 

We proceed with the 
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3.2. Recursion to higher orders. Assume that all time ordered prod- 
ucts have been constructed and satisfy the axioms PI— P4. Let us use the 
abbreviation A^ = {1, . . . , n}. Then we define the sets: 

Ci = {(xi, . . . ,x„) G M"|x, F„(x,), Vi G /,i G P] , (3.30) 

and P = N \I IS the complement in N . Let Diag„ = {(xi, . . . , x„) G M^jxi = 
• • • = Xn} be the diagonal in M", then 

U =M"\Diag„. (3.31) 

ICN 

Then, on any C/ we set 

Ti{N){xn) = T{I){xi)T{r){xic). (3.32) 

Now one has to glue together all T/ to a distribution on M" \ Diag„. But since 
difi'erent Cj can overlap one has to check, that the compatibility condition]] 

Ti \cinCj=Tj \cinCj, (3.33) 

holds, if C/PlCj 7^ 0. But this follows from causality (P3) in lower orders: Since 
J ^ J'^ and I > I'^ we have 

Tj{N) = T{I)T{P) (3.34) 

= T{i n J)T{i n .r)T{F n J)T{P n r) (3.35) 

= T{i n J)T{r n J)T{i n r)T{F n r) (3.36) 

= T{J)T{r) (3.37) 

= Tj{N), (3.38) 

where the two inner T-products in ( tj.36 ) commute since P H J ^^ I H J'^ . Now 



we take a locally finite smooth partition of unity {fi}i£N,l^d,l7^N on M^yDiag^ 
subordinate to {C}/g7v,/^0,7^Af: 

^ // = 1 on M" \ Diag„, supp // C Cj. (3.39) 



ICN 



Then we define: 



Or(7V) = Y, fiTi{N). (3.40) 

ICN 
/^0 

It can be verified that this definition does not depend on the choice of the 
partition of unity {//} and that °T is a well defined operator valued distribution 
on Xi(M") satisfying PI - P4. 

By construction ^T is a linear combination of numerical translation invariant 
distributions multiplied with certain Wick products: 

^T{N){xn) = °t(xi - X2, . . . ,x„_i - Xn) :Fi(xi) . . . Vn{Xn) : • (3.41) 



In the following we frequently omit the arguments xi since they are already determined 
by the sets / in T{I). 
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As was shown by Epstein-Glaser, these products always exist | EG73|] [Theorem 
0]. Hence the definition of T reduces to finding an extension of the numeri- 
cal distribution ^t to Diag„, which in difference coordinates translates into the 
problem of extending a distribution to the origin. This problem is addressed in 
the next subsection. 

3.3. Extension of distributions to the origin. The solution of this 
problem requires the introduction of a quantity that measures the singularity of 
the distribution at the origin |Ste71|. 

Definition 1. A distribution t G 'D'{R'^) has scaling degree s at x = 0, if 

s = inf{s' G M|A''t(Ax) ^ in the sense of distributions}. (3.42) 

We set scaldeg(t) = s and define singord(t) := [s] — n, the singular order .0 

The definition also holds if t G V'{R'^ \ {0}). One easily finds that dif- 
ferentiation increases the scaling degree while multiplication with x decreases 
it: 

scaldeg(x^t) = scaldeg(i) - |/3|, (3.43) 

scaldeg(9^t) = scaldeg(t) + \f3\, (3.44) 

seal deg(/t) < seal deg(f), (3.45) 

for all t £ D'(]R'^) and / G !D(IR'^). Now, the solution of the extension problem 
depends on the sign of the singular order. 

Theorem 1. Let °t G T)'{R'^ \ {0}) with scaling degree s < n. Then there 
exists a unique t G 1)'(U. ) with scaling degree s and t{f) = t{f) for all f G 
D(M^\{0}). 

Otherwise we introduce the 

VF-OPERATION. Let I)'^(M'^) be the subspace of test functions vanishing up 
to order u; at 0. Define 

(W^(.;^)/) (x) = fix) - w{x) Y, 5 (5"{) (0), (3.46) 

\a\<ui ' ^ ^ 

withu; G Ti{W^),w{<d) 7^0. 

Now we can discuss the general case. 

Theorem 2. Let °i G T>'{W^ \ {0}) with scaling degree s > n. Given w G 



D(M ) with w{0) 7^ and constants c" G C for all multi indices a, |a| < u; , then 
there is exactly one distribution t' G I''(M ) with scaling degree s and following 
properties: 

I. {t',f) = {%f) yfGV{R^\{0}), 
II. {t',wx'^) = c° 



r,Ct 



*[s] is the largest integer that is smaller than or equal to s. 
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with t' given by: 



t', f) = {t, vF(.;.)/> + E S i^^i) (°)- (^-^^^ 

\a\<uj ' ^ ^ 



Here t is the unique extension by theorem \^ W^(a;;«)) is given by ( 3.40 ^^'^ ^ is 
the singular order of^t. 

With these theorems the extension can be done right away. In the case of 
non negative singular order we notice that an ambiguity appears, namely all 
choices of the constants c" yield a well defined solution. The normalization 
condition in the next section restricts this freedom further. Before we proceed 
to these conditions we introduce the 

3.4. Anti time ordered products. If one wants to define interacting 
perturbative fields one could equally well have started with the definition of 
anti chronological products, that give a meaning to the expression 

T{Wi,...,Wn){xu...,Xn) = 

= E ^ (^°(1) - ^°(2)) • • • ^ (4(n-l) - 4(n)) W^-(n) i^^n)) ■ ■ ■ H^^(l) (^^^(l)) 

(3.48) 



in the case of coinciding points, corresponding to equation ( |3.1| ). The causality 
property that encodes the wanted anti chronological factorization reads accord- 
ing to P3: 

T{N){xn) = T{n{xic)T{I){xi), \il> r. (3.49) 

It turns out in the next chapter that the functional of the anti chronological 
products is the inverse 5-matrix hence we have 

Y,{-fWK^i)nn{xj.) = Y.{-fMi){^i)nn{xi.) = o. (3.50) 

I&N I&N 

This equation allows a recursive definition of the T-products of order n by lower 
order T- and all order T-products: 



T{N) (y^) = - E i-f^ni) (xj) T in {XI.) , (3.51) 

ICN 

= -^i-f'\TiI)ixj)Tin{xj.). (3.52) 



ICN 
Explicit solution of the recursion gives: 



PePart(Af) Q&P 
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4. Normalization conditions 

As was seen in the last section the extension procedure that has to be applied 
to the numerical distribution t in order to define the T-products everywhere 
produces an ambiguity related to the constants c" from theorem ||. We formulate 
a set of conditions, that apply to these constants in a way that certain properties 
for the complete T-products are fulfiled. These conditions were introduced in 
|DF99| and afterwards generalized to the case, when derivated fields are present 



in [[Boa99|] 



The first normalization condition deals with the possible occurrence of dis- 
crete symmetries of ^T. Assume, there is a finite group G acting invariantly on 
°r according to:^T^ °Ta, and ^T^ = ^Tj for all a€G. The extension of °r„ 
is denoted by Tq. We require the extension to be invariant under G, too: 

T,{Wi, . . . , Wn){xi, . . . ,x„) = TiiWi, ..., VF„)(xi, . . . ,x„), yW, e^,aeG. 

(NO) 

Obviously this condition can always be fulfiled by choosing 

T{Wi, ...,Wn){xi,...,Xn) = T^^Y^ Ta{Wi, ..., Wn){xi, . . . , X„) (3.54) 

This condition already establishes the correct P, C, T-transformation properties 
of the T-products, see (| Sch95| ). Since this condition is quite trivial, we only 



talk of a T-product if it is fulfiled. 

The next condition implements the conservation of Poincare covariance. Let 
V\. act on End(P) through the representation U. Then we demand: 

{AdU{L))T{Wi, . . . , Wn){xi, ...,Xn) = 

= T{D (A-i) (Wi), ...,D (A-i)) {Wn)){Lxi, ..., Lxn), (Nl) 
for all L = (a, A) G V\ and the action of the representation Z? on *B is defined 



in (|3.7D , (|3.8|) . Let us remark that our current formulation is redundant since 
N3 already contains the axiom P4 namely for A = I. Nevertheless we stick to 
this formulation for the following reason: It was already remarked by Epstein- 



Glaser [|EG73|] that translation covariance is a crucial condition for the causal 
construction. In that case their theorem always guarantees a solution in the 
form ( 3.41| ). In contrast to P4 normalization condition Nl is not necessary for 



performing the inductive construction. 

Moreover Brunetti-Fredenhagen |BF9^, BFOC] have shown that the inductive 



construction can also be performed if P4 is replaced by a weaker assumption 
formulated with the techniques of micro local analysis. Their approach also 
applies for curved spacetime. Since there is no symmetry in a generic spacetime 
a normalization condition like Nl refiecting the symmetry of the Minkowski 
space has to be abandoned. 

It was shown by Epstein and Glaser [EG73] that Nl can be fulfiled. In the 



next section we derive a procedure for an explicit construction. 
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The anti time ordered products were introduced in the last chapter. Then 
unitarity is fulfiled if 

T{Wi,...,Wn){xu...,XnT = T{W:,,...,Wl){xn,...,xi), VT^i € <B. (N2) 

The * on the LHS is the adjoint on V. On the RHS the order of the symbols 
is reversed. It can be rearranged using P3. Epstein and Glaser have shown 
that N2 can always be satisfied: Assume it holds to order n — 1 together with 
Nl. For every normalization T' = TiWi^ . . . , Wn) that fulfils Nl we can form 
T = ^(T' + T ) which satisfies N2. Then Nl is fulfiled automatically since U 
is unitary: U* = U~^. 

If we commute the T-product with a generator we require (compare to 

[T{Wi, . . . ,Wn)ixi, . . . ,Xn),y^i{y)] = 

\Y,t(wi,..., ^, ...,Wn) (xi, . . . , Xn)A,iixk - y), (N3) 



I 

k=l 



for every Wj G 55 and (/7j(y) = T{ipi){y),ipi S (5. Since the center of End(P) 
only contains multiples of the identity ||Sch95 l, N3 determines the T-product 
up to a C-number distribution by the T-products of the sub monomials. This 
distribution is given by the vacuum expectation value. It was shown by Boas 
that N3 can always be satisfied (together with Nl and N2) and is equivalent 
to the causal Wick expansion: 



T{Wi,...,Wn){xi,...,Xn) 

:(/pTi (xi)---(/p^" (3;„): 
7i!---7„! 



Y. c.o(r(tri-"'....,i^(^-))(..,.....,.)) '^"'"'>,;;;*'7"">' p.sy 



7l>---:7n 



Here the 7j G N'' are multi indices with one entry for each of the r generators 
in ©, i.e. 

7i = ((70i,...,(7i)r) GN^ (3.56) 

The W^"^^' are derivatives with respect to the generators 

^^(70 = ^ '\ , (3.57) 

where |7i| = Y^'k=ii'li)k- The ip^^ are defined by 

^^^{x)=t[\{^^^A{xI (3.58) 



\k=l 

and 



(7^)! = n(^^)'^" (3.59) 



fc=i 
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The following normalization condition is a partial differential equation con- 
cerning T-products with only one generator. 

DfjT{W,, . . .,Wn,ipj){x,,. ..,Xn,z) = 

= iY,T(wi...^...Wn) ixi,...,Xn)Sixk-z), (N4) 

fc=l ^ ^'^^ ^ 

where VFj € *B and (pi £ <5. This differential equation can be solved by 

T(Wi, . . . ,Wn^i){xi, . . . ,Xn, z) = 

= i^Afjiz- Xk)T iWi, ..., -^, ...,Wn]ixi,...,Xn) + 



k=l 



(71) ^,Ayn)\ t^ ^ <\- "P^^ {xi)... v?'^" {xn)^i{z 



+ Y. u:,(T[wr'\...M^-'^){xi,...,x^) 

71 •••7n 



71! •••7n' 



(3.60) 



All proofs of the compatibility statements can be found in |[Boa99|] . Moreover it 
is shown that the normalization conditions also hold in the presence of derivated 
fields in the Wj. This can be accomplished by a suitable adaption of the differen- 
tial operator -Djj, the commutator functions Ajj and the Feynman propagators 
^fj{x-y) = ^o{T{ipi,ipj){x,y)). 

As we have seen in the last subsection the definition of T requires an ex- 
tension of the numerical distributions of the decomposition ( 3.55| ). We do not 



want to increase the scaling degree of these distribution in the renormalization 
process. Then the scaling degree of the time ordered numerical distributions is 
already determined by the dimensions of the symbols from !B: 

n 

scaldegu;o(T(Wi,...,W„)) =ydimTyi, (3.61) 

Diag„ ^ 

for all monomials VFj S *B. Since in *B every W can be decomposed uniquely 
into basic generators and derivatives we have according to this decomposition: 

dim ly = ^ dim <fi + #d, (3.62) 

and the dimension of the bosonic (fermionic) fields is one (3/2). 

5. Poincare covar lance 

In the last section we have demanded Poincare covariance to hold for the 
T-products by condition N2. In the decomposition of the products according 
to the causal Wick expansion ( ^.551) we see that covariance properties have to 
be fulfiled by the numerical distributions only, since the Wick products already 
transform correctly under Poincare transformations. Since we are working in an 
inductive procedure we require covariance to be fulfiled in lower orders and have 
to provide an extension of the numerical distributions according to theorem |2| 
that respects these properties. Therefore the solution of this problem reduces 
to finding a suitable set of constants c". 
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Epstein- Glaser |EG73|| gave an existence proof for the central solution of the 
subtraction procedure in case of a massive theory. It corresponds to the choice 
w = 1 and c" = in theorem |2| which obviously preserves Lorentz covariance. 
For the massless case they suggested an averaging over a maximal compact 
subgroup of the complexified Lorentz group. 

Another proof was given by Stora and Popineau | SP82|| [unpublished] and 
Diitsch et al. [ DHKS94 ]. A detailed representation can be found in the book 
of Scharf [ 5ch95 |. It is based on cohomological arguments. We review their 
analysis here, adapted to our case. 

In |BPP99 | we have explicitly calculated the constants in lowest order per- 
turbation theory for scalar fields. This solution may also apply in the case of 



special symmetry in higher orders |Pin9S]. A general solution for higher orders 
and arbitrary covariance could be derived only recursively in [ Pra99b |. This 
section reviews the content of these preprints. 



5.1. The subtraction procedure. We remind the reader of the subtrac- 
tion operator W (|3.46|) which was necessary to define the distributional exten- 
sion. The VF-operation is simplified if we require w{0) = 1 and 5"w(0) = 0, for 
< \a\ < uo (this was our assumption in | BPP99[| ). A test function with these 
properties can be derived from an arbitrary test function by application of the 
following F-operation {d'^w~^ means d'^{w~^)): 

K; : 'D(K'^) ^ 2)(K'^), iV^w){x) = w{x) V ^^'^^-^(O), (3.63) 

\fM\<Ul 

where tt;(0) 7^ is still assumed. We can write W as 



/X! 



{W^u.;n.)f){x) = f{x)- Y. -^V^-\a\wd^f{0). 

\a\<uj 



(3.64) 



Let us denote the extension corresponding to this subtraction by t(^i^.^y. 

{t(u.;n,)j) = {%W^^.^)f) . (3.65) 

Adding any polynomial in derivatives of 6 up to order u; produces another ex- 
tension t(a;;lo): 



\a\<ijj 



(3.66) 



or rearranging the coefficients 



|Q|<a; 



(3.67) 



Since VF(a;;to)(^^") = W^(a;;w)(2^°K;-|o|^) = for \a\ < u) , c rcsp. a are given by 



a° = {t(u;;w),X°'yu~\a\w) 



{iiuj;w),x"w) 



(3.68) 
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They are related through: 



a^ = (f y- 'iLq^-1(q\ e = a'' y ^a„u;(0), 1 < lal < w, 

\fi\<ui-\a\ \f^\<^-\a\ 



„» -'' 






The equation for a follows from the Leibnitz rule in ( 3.67| ), while the equation 
for c is derived from ( |3.68| ) . 



5.2. The G-covariant extension. We begin defining the notion of a G- 
covariant distribution. So let G be a linear transformation group on W^ i.e. 
X 1-^ gx, g G G. Then 

x° ^ g^.xf" = {gxT (3.70) 



denotes the corresponding tensor representation. G acts on functions in the 
following way: 

{gf){x) = f{g-^x), (3.71) 

so that D is made a G-module. We further have 

9{fh) = {9f){gh), (3.72) 

x''da{g-'f) = {gxrg'\daf), (3.73) 

x'^do.ig-^fm = {gxrd^fiO)yg eG,f,h€ ©(M"^) (3.74) 

Now assume we have a distribution "t E ©'(R*^ \ {0},F) taking values in a 
finite vector space V that serves as a representation space for the group G. The 
distribution transforms covariantly under the Group G as a density, i.e. 

''t{gx)\detg\=D{gft{x), (3.75) 

where D is the corresponding representation. That means: 

{% gf) = {D{g)\ f) = Dig) {\ /> . (3.76) 
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We now investigate the covariance properties in the extension process. We 
compute: 

D{g){ti^^.^),g'^f) - {t(^.yj),f) = 

= D{g) {% VF(^;^)5~V> - {% VF(^;^)/> 

a 



(M 



D{g)(\g-'f- Y^ -^V^-ia\wdUg-'fm) - {\W^^,^)f) 



(3.72 3.74) 



daf{0) 



{%W^^,^)f) 



Y (\x-(I-5)(K._H^i;)> 

|a|<a; 



a\ 



\a\<w 



a\ 



(3.77) 



Then (|3.77| ) defines a map from G to a finite dimensional complex vector space. 
Now we follow ||SP82|| , |pch95|| [chapter 4.5]: Applying two transformations 



&"(9i52) 



{%x''{I-gig2){V^.\a\w)) (3.78) 

{% x° ((I - gi) + 51(1 - 52)) {V^-\a\w)) (3.79) 

6"(5i) + I detail (°t(5ix), {gixni - g2){V^-\a\w)) , (3.80) 



and omitting the indices we see b(gig2) = b{gi) + D(gi)gib{g2), which is a 
1-cocycle for b{g). Its trivial solutions are the 1-coboundaries 



b{g) = {I-D{g)g)a, 



(3.81) 



and these are the only ones if the first cohomology group of G is zero. In that 
case we can restore G-covariance by adding the following counter terms: 

f^T'^) = (*(-;-)'/> + E ^«"(^)5a/(0). (3.82) 



|a|<aj 



The task is to determine a from ( |3.8ip and ( |3.77| ): 

(°t,:E-(I-5)(K.-HW^)> = [{I-D{g)g)a] 



(3.83) 



5.3. Bosonic Lorentz covariance. The first cohomology group of C\_ 
vanishes [ Sch95(| [chapter 4.5 and references there]. We determine a from the last 
equation. The most simple solution appears in the case of Lorentz invariance in 
one coordinate. This situation was completely analyzed in [BPP99] for daw{0) = 
6^. The following two subsections generalize the results to arbitrary w, w{0) / 
0. 
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5.3.1. Lorentz invariance in M. If we expand the index a into Lorentz in- 
dices //I, . . . , i^Ln, ( |3.83 ) is symmetric in /ii, . . . , /i^ and therefore a is, too. We 
just state our result from |BPP99| which is modified by the generalization of w: 



[^] 



,(Ml.../^n) _ (^-1)" 'V-' {n-2sy.l f^^^^ U2.-1A.2 = 



E 



(n + 2)!! ^ (n-2s-l)!! 



7]'-^^'-' . . .T]"- 



X /^t, {x^Yx^'^'+^ . . . x^"-i ('x^a^") - x^")x^a^) V^^nw) , (3.84) 



if we choose the fully contracted part of a to be zero in case of n being even. 
We used the notation 



n! ^-^ ' n! ^-^ 



U^J■^T(l)■■■^J■n{n) 



Tf&Sn 



TfGSn 



for the totally symmetric resp. antisymmetric part of a tensor. 

5.3.2. Dependence on w. Performing a functional derivation of the Lorentz 
invariant extension with respect to w, only Lorentz invariant counter terms 
appear. 

Definition 2. The functional derivation is given by: 



i-n.)./)=AF(. + A/) 



A=0 



(3.85) 



This definition implies the following functional derivatives: 



^H^;^)(f)'h)=-Yl ^{H^;^)^^''h)d^{fw-'){0), 



\ci\<uj 



\a\<ij 



(3.86) 



^ {s, V^w) ,h\= J2^^'' W^u.;n.){^''h)) d^w-Ho), (3.87) 



for any distribution s £ ©'(R'^) and f,hG X>(M'^). 
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Proof. We show how to derive the first relation. Inserting the definition 
we find: 



-t 



dX 



{u>;w+\h) 



if) 



A=0 



\ -h ^ ^d. ifw') {0) + wY^ ^d. ifhw-') (0) ) , 



Y, M\-hx^d^{fw-^){Q) + 



\Ol\<lA} 



|i/|<c<;-|a| ■ / 



i,x"PF(^_H;^)/i)5,(/u;-i)(0) 



^ a! ^ 

a\<uj 



\ci\<uj 



(3. 



where we used Leibnitz rule and rearranging of the summation of the second 
term in the second line and the the relation x°'W(^^_\a\;w)f = ^{ij;w)ix'^ f) oii 
the last line. The second equation follows from a similar calculation. D 



We calculate the dependence of a on w. With ( ^3.87 ) we get 



dw 



[^ 



(n + 2)!! ^ (n-1 "'^" ' 



2s)!! 



(3.89) 



|/3|<(.j-n 



Since Wr^_n-w){x^h) is sufficient regular, we can put the x's and derivatives on 



the left and the same calculation like in | BPP99 | applies. The result is 



6w 



a''^-''"{w)J 



E 






''(a;;to) ) -^ ■ ■ ■ X X J / -\- 





2(n-l)!! 



n odd, 



2\f ^/3 f\ „(AtiM2 . . . „tln-ltl„) 



^q:2)!f V('^;«')'(^ )'^ //^ '•••^''"""""' " e^™- 



(3.90) 
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Using this result and ( ^.861 ) we find: 



^^\fc'/)> 



E 

n=0 
n even 



d. 



TnV(o), 



n! 



(3.91) 



dn 



^ 2(n-l)!! 
~ (n + 2)!! 



(3.92) 



|<a; — 71 



where we set d 







5.4. General Lorentz covariance. If the distribution ''i depends on more 
than one variable, "tx" is not symmetric in all Lorentz indices in general. Since 
x" transforms like a tensor, it is natural to generalize the discussion to the case, 
where ^t transforms like a tensor, too. Assume rankC^t) = r, then D{g)g is the 
tensor representation of rank p = r + n, n = \a\, in ( |3.83 ). Prom now on we omit 
the indices. So if t € ©(M™' \ {0}), we denote by x - formerly x° - a tensor of 
rank n built of xi, . . . , Xm- 



To solve (|3.83| ) we proceed like in |BPP99|. Since the equation holds for 
all g we solve for o by using Lorentz transformations in the infinitesimal neigh- 
bourhood of I. If we take 9ai3 = (^[a/B] ^s six coordinates these transformations 
read: 



I + TT^a/?^"^, 



with the generators 



{r^)''^ = rj''''6^-rj^''6^. 



(3.93) 
(3.94) 



Then, for an infinitesimal transformation one finds from ( 3.83 ): 






nW, 



) ) = {r' 



®: 



••• + lO---®PP)a 



(3.95) 



a, j3 being Lorentz four-indices. In |BPP99| our ability to solve that equation 
heavily relied on the given symmetry, which is in general absent here. Never- 
theless we can find an inductive construction for a, corresponding to equation 
(29) in [pPP99|] . 

We build one Casimir operator on the r.h.s. (the other one is always zero, 
since we are in a (1/2, 1/2)®^ representation). 

The case p = 1. Just to remind that p is the rank of xt, this occurs if either 
i is a vector and x = 1, (n = 0), or t is a scalar and x = xi, . . . , Xm- ( 3.95| ) gives: 

-l^f,B"^ = -I 



rlaf^r^a 



-31a, 



(3.96) 



since the Casimir operator is diagonal in the irreducible (1/2, 1/2) representa- 
tion. 
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The case p = 2. We get 

i(/„^ I + I /a/3)5"^ = (-61 + /a/3 «> l"^)a. (3.97) 

Since a is a tensor of rank 2, let us introduce the projector onto the symmetric 
resp. antisymmetric part and the trace: 

(3.98) 
P^ = P, Ps + Pa = I, Ps-Pa = t, (3.99) 



where r denotes the permutation of the two indices. Using ( p.94|) , we find 

-laf3^l"'^ =4:Pr,-T. (3.100) 



Now we insert (|3.100D into ( p.97|) . The trace part is set to zero again. Act- 
ing with Pa and Ps on the resulting equation gives us two equations for the 
antisymmetric and symmetric part respectively. This yields: 

a = -^{PS + 2PA){la(3 01 + 10 /a/3)S"^. (3.101) 

Inductive assumption. Now we turn back to equation ( ^.83 ). We note that 



any contraction commutes with the (group) action on the rhs. Hence, if we 



contract ( |3.95D , we find on the rhs: 

(r/3 0...0i + ...+ ^ + ...+ ^ + ... + ][0...0 r^)(r/ij-a), 

where i,j denote the positions of the corresponding indices. Therefore the rank 
of ( 3.95| ) is reduced by two and we can proceed inductively. With the cases 



p = l,p = 2 solved, we assume that all possible contractions of a are known. 



Induction step. Multiplying ( 3.95 ) with the generator and contracting the 
indices yields: 



3pl + 2 V r a = --(/a/3 ® ■ ■ ■ ®l + ■ ■ ■ +1® ■ ■ ■ ® lap)B'''^ + 8 Y] ^'7il«- 



/ ^ I jU = — -(ta/3 ^ ■ ■ ■ ^ ii-\- ■ ■ ■ -t- ii^ ■ ■ ■ ^ l-ajSJo ' "I" O 2_^ ^^if 
TGSp ^ i<j<P 

(3.102) 

The transposition r acts on a by permutation of the corresponding indices. For 
a general tt £ Sp the action on a is given by: ira^^'"^^ = a^^~'^W"^^~'^ip'> . In 
order to solve this equation we consider the representation of the symmetric 
groups. We give a brief summary of all necessary ingredients in appendix ^. 
So let k^ = X^.rg5 T be the sum of all transpositions of Sp. Then kr is in the 
center of the group algebra Asp- It can be decomposed into the idempotents 
e(m) that generate the irreducible representations of Sp in Asp- 

kr = hr^-^ X{rn){r)e{rn)- (3.103) 

(m) •^('") 
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The sum runs over all partitions (m) = (mi, . . . , m^), J2l=i "^j — P^ ""^i — "^2 > 
• • • > rrir and hr = \p{p — 1) is the number of transpositions in Sp. X{m.) is 
the character of r in the representation generated by et^n) which is of dimension 
/(m)- We use ( p3.1Q3| ), the orthogonality relation e(^)e(^/) = 5(^)(^/) and the 
completeness X](m) ^(m) = I in ( t^-102|) . The expression in brackets on the l.h.s 
may be orthogonal to some e(^^y The corresponding 6(^)0 contribution is any 
combinations of r^'s and e's -e being the totally antisymmetric tensor in four 
dimensions - transforming invariantly and thus can be set to zero. We arrive at 



c{m) 



\ i<J<P J 



= E 

(m) 
c{m)^0 

cim) = 3p + pip - i)^Mill = 3p + y (bf^Hb^^ + 1) 

f{m) tt ^ 



(m) / (m) , -I ^ 

a) (a) +1, 



(3.104) 



with a = {ai, . . . ,ar),b = {bi, . . . ,br) denoting the characteristics of the frame 
(ttt.), see appendix ^. Let us take p = 4 as an example: 

idempotent Young frame dimension character 

^(4) I I I I I /(4) = 1 X(4)(t) = 1 



e(3,i) 



/(3,1)=3 X{3,1)(-^) = 1 



6(2,2) 



/(2,2) 



X{2,2){ 



^(2,1,1) 



/(2,1,1) 



X(2,l,l)( 



^(1,1,1,1) 



We find for (|]T0|) 



/(1, 1,1,1) = 1 X(i,i,i,i)('r) 



a = ^(2e(4) + 36(3,1) + 4e(2,2) + 6e(2,i,i)) x r.h.s( p^ . 



(3.105) 



We see that no e(i 1 1 1) appears in that equation. It corresponds to the one 
dimensional s^n-representation of ^4, so 640 oc e. 



5.5. Spinorial Lorentz covariance. This subsection uses the conventions 
of | SU92| ]. Any finite dimensional representation of C\_ can be reduced to tensor 
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products of SL{2, C) and SL{2, C) and direct sums of these. A two component 
spinor ^ transforms according to 

^^ = ^3^^, (3.106) 

where g is a 2 x 2-matrix in the SL{2, C) representation of £^. For the complex 
conjugated representation we use the dotted indices, i.e. 

-^''=g^y^^, (3.107) 



with g^Y = 9'^Y in the SL{2,C) representation. The indices are lowered and 
raised with the e-tensor. 

eAB = e^B = eAB' (3.108) 

e^^'eAc = e^'^ecA = SE- (3.109) 

We define the Van-der-Waerden symbols with the help of the Pauli matrices a^ 
and a^ = a^: 

CTf, ^ = -7^(^^^) '^' ^A'AX = —r^^1)AX- (3.110) 

They satisfy the following relations 

(y/'^f^vAX = 'n^i^ '^I^AX'^^BY = ^ABf-xy (3.111) 

With the help of these we can build the infinitesimal spinor transformations 



2_^^D'-, (3.112) 



with the generators 

{S-P)\ = a^-^''af^^^x. (3.113) 



Note that the a's are hermitian: a^"^-^ = cr^-^ . Again we define the projectors 
for the tensor product. But we have only two irreducible parts: 

ecD, (3.114) 

(3.115) 



Ps^''cD = \{5^5^ + 5^5E), 


pAB 1 ^AB 
Pe CD - 2^ 


PI = PS, P!=Pe, 


Ps + Pe= I. 


get the following identities: 




•S" 5'a/3 = -S* Saf3 = "31, 


5"^ ® 5„/3 = T^ Saf3 = 4Pe " I, 


5"^®^„^ = 5°^®5a/3 = 0. 



(3.116) 

(3.117) 

(3.118) 

In order to have ( |3.83| ) in a pure spinor representation we have to decompose 
the tensor x into spinor indices according to 

x^^ = x^a/^. (3.119) 
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Assume tx transforms under the u-fold tensor product of SL{2,C) times the 



v-fold tensor product of SL{2,C) then, for infinitesimal transformations, ( 3.83| ) 
yields: 

^alB ^ ^gaf3 ^...^j+...+j^...^ S'"'^)a, (3.120) 

with B°'^ from equation ( p.95| ) in the corresponding spinor representation. The 

sum consists of u summands with one 5"^ and v summands with one 5 with 
u,v > n. Multiplying again with the generator and contracting the indices gives 



twice the Casimir on the r.h.s. Inserting ( |3.116| - p.ll8| ) yields: 

= (2.{u + v)l + 2 Y. (4P,,^-I)+2 Y. (4P^.. -!))«• (3.121) 

The sum over u runs over ^(u — 1) possibilities and similar for f, so we find the 
induction: 



1 



u{u + 2) + v{v + 2) 



-(5'a/3®---(»I + ••• + !' 



5a/3)i?°^ + 



4 E p^^.+ E p^^X 

It already contains the induction start for a^ ' ,a^^^' and a . 



(3.122) 



5.6. General covariant BPHZ subtraction. We have derived a Lorentz 
covariant renormalization that applies for a general choice of w. Therefore, 
choosing e*^' as test function provides for a covariant renormalization in mo- 
mentum space. The choice w = e*^' corresponds to subtraction at momentum q 



| Pra99a| . Hence q = ^ w = 1 represents BPHZ subtraction. 

But this choice leads to infrared divergencies in massless theories. Lowen- 



stein and Zimmermann []LZ75| have introduced an alternative scheme (called 
BPHZL) that makes use of an auxiliary mass and requires additional subtrac- 
tions with respect to a parameter which scales this mass. This also produces a 
covariant renormalization in momentum space. We compare their results with 
ours in two examples. 

We shrink the distribution space to S' since we are dealing with Fourier 
transformation. Let x,q,p € M*", 

tl^){p) = {ti^;e^.-),e'P-) (3.123) 



\ e'P- 



Y ^^^a£e*<?- 



|a|<a.) 



a! 



(3.124) 



It is normalized at the subtraction point q, i.e.: dat[u);e^q){q) = 0, \a\ < to. 
This is always possible for q totally space like, i^j^iQi)'^ < 0, VJ C {1, . . . ,m} 
| EG73| , Diit ]. If we use the results from above we obtain a covariant BPHZ 



\a\ 



subtraction at momentum q by adding X]|a|<a; 1^'^'^P'^ *° (|3.124|) , according to 
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equation ( 3.82| ). For \/3\ > lu + 1, ^tx^ is a well defined distribution on S and so 
is dfsH. 

5.6.1. Lorentz invariance on M. We have 

Inserting this into ( p. 84) ) we find: 



[n-ll 



- (^ _ n)! (n + 2)!! ^"^ • • • ^"-" ^ (n - 2s - 1)!! l^""^ "^ '^ 

X r/^2/^3 , _ _ ^M2./^2.+i5M2s+2 ^ _ _ 9/^-)n^a'^i . . . 5'"— "Ot(g). (3.126) 

Let us consider two examples namely the fish and the setting sun from massless 
scalar field theory. We compare the results to BPHZL [ LZ75 ]. 

Example 1. The fish graph corresponds to °t = ^^F =^ "^ = 0. It needs 
no counter term, since it is Lorentz invariant. We translate the result of BPHZL 
to coordinate space: 

P^hzl(p) = {{Dn' - (A^)',e^^-) + ((A^)' ,T^(o;i)e^^-) • (3.127) 
Example 2. Take the setting sun in massless scalar field theory: ^t = ^Dp 



a'^'^ = hqpdPdt'd'' - g('^a'^)n)ot(g), 



and adding ip^a^^ — ^p^p,^a'^'^ restores Lorentz invariance of the setting sun graph 
subtracted at q. Renormalization according to BPHZL gives: 

+ ((A^)',VF(2;i)e*P-). (3.128) 

5.7. General induction. We only have to evaluate i?°^ with w = e"^' and 
plug the result into the induction formulas ( |3.122 ) and ( ^.10^ ). 

m ^ 

B"^ = 2e{-Y+^Y. Y. '^(ifdfd^dHiq). (3.129) 

i=l |7|=a;-n 

Here, qj are the m components of q hence 7 is a 4m index and a, /3 are four 
indices. The tensor (spinor) structure of d is given by x in ( 3.95 ). 



CHAPTER 4 



Local perturbative interacting fields 



In the previous chapters we have introduced free quantum fields, Wick prod- 
ucts of these fields and finally time ordered products of Wick polynomials. It 
turns out that this provides a complete frame for the definition of interacting 
(perturbative) fields.^ 

The ^-matrix serves as the generating functional for time ordered products 
of the interaction by smearing with a test function of compact support. After 
coupling additional fields into the 5-matrix one obtains interacting fields and 



time ordered products of them by Bogoliubov's formula |[BS76 |. 

This situation provides a setting for the introduction of local observable al- 
gebras: We choose a causally complete bounded spacetime region on which 
the coupling is assumed to be constant. It was shown by Brunetti and Freden- 



hagen |BF96] that the interacting fields on this region only change by a unitary 
transformation if the interaction is changed outside 0. Therefore, algebraic 
relations are left invariant. 

Let us emphasize that the occurrence of IR-singularities is a consequence of 
performing the adiabatic limit where the test function of the interaction tends to 
a constant. Since we avoid this limit it is always possible to construct the local 
algebras. Especially for asymptotic free theories like Yang-Mills for example 



| Boa99 | this is an advantage. Here perturbation theory can be regarded as a 



valid approximation only for short distances. The involved fields on these scales 
do not correspond to asymptotic particles that can be observed in experiments. 
Although our work only deals with perturbative fields we remark that Bo- 
goliubov's formula for interacting fields also applies for the non perturbative 
case. 

1. The 5-matrix 

For a symbol .if G *B describing the interaction : ^ :£ Disti(D) of our 
quantum theory we build the S'-matrix: 

5(3=5f) = 5^J^ dxi...dxnT{g^,...,g^){xi,...,Xn), (4.1) 

n=0 ^' ■^ 

where we allowed for the use oig££ as an argument in the T-product as explained 
in PI. We also consider the case of a sum of different couplings, such that 
g^ = g ■ ££ = Ylildi-^i- The S'-matrix is the generating functional for all 



^Here and in the following the name "field" also includes composed objects, which are 
Wick polynomials in the free case. 
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T-products of the ££{-. 

t"'5gi^{xi)...6gi^{xn) 



9i=--=gs=o 

(4.2) 



The inverse of 5 is given by 

S{g^y' = Y^ ^^ / dxi . ..dxnTig^, . . .,g^){xi, . . . ,a;„) (4.3) 

n=0 "" "^ 

which follows from (|3.50| ) by the inversion of a formal power series. Then 5 is 
a unitary operator on P: 

Sig^r'=S{g^r, (4.4) 

because of normalization condition N2. Obviously S~^ is the generating func- 
tional of the T-products: 

— (5" 

T (^,„ . . . , if, J (XI , . . . , x„) = ^_^^„^^^^ ^^^^ _ _ ^^^^ ^^^^ 5(5i-)-i ,,=...=,.=0- 

(4.5) 

Because of the causal factorization of the T-products the 5-matrix fulfils the 
following causal factorization: 

S{fW + gL + hV) = S{fW + gL)S{gL)-^S{gL + hV), (4.6) 

V/,g,/ i e T)(M),W,T,y G <B, if supp/nF^(supp/i) = as was shown in 
[ EG73|] . Especially in the case 5 = this leads to 

S{fW + hV) = S{fW)S{hV), (4.7) 

which is the causal factorization of the T-products lifted to the functionals. 

2. Interacting fields 

We now couple additional source terms into the local 5-matrix defined above. 
This generates a new functional called the relative 5-matrix according to: 

SgAhW) = S{g^y'S{g^ + hW). (4.8) 



The relative 5-matrix also satisfies the causal factorization equations ( [4.6^ ,(4.7). 
Especially the latter one reads 

SgAhlWl + h2W2) = Sg^{hlWl)Sg^{h2W2) = SgJ^{h2W2)Sg^{hlWl), 

(4.9) 

if supp/ii ~ supp/i2 and VFi, W2 £ ^- Hence the relative 5-matrices commute 
for space like coupled sources | BFO0|] and may therefore serve as generating 
functionals for local fields. Then the interacting field W^ corresponding to the 
symbol W £ ^ is defined by Bogoliubov's formula [BS76, EG7S]: 

WgA^) = -rJr^Sgj^ihW) . (4.10) 



i6h{x) 



h=0 
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Expanding the interacting field ( 4.10|) into a power series results in 

Wgj^{x) = X; J^ /dyi • ■■<^ynR{9^: ...,g^; W){yi, . . .,yn;x), (4.11) 

n=0 "" 

where the retarded products (iJ-products) are given by 

R{Wi, ..., VF(^„); W)iyu. . . ,y„;x) = ^ {-f\T{I){yi)T{r, W)iyic,x). 

ICN 

(4.12) 
With the help of equation ( 3.50| ), x can also be put in the T-products, yielding 

= Y,i-f^T{I,W){yj,x)T{n{yrc). 

ICN 

(4.13) 
The word retarded encodes the support properties of the i?-products: 

suppi?(I^i, . . . ,Wn;W){yi, . . . , yn] x) c 

C{(yi,...,y„,x)GM"+\y, GF_(x),Vi = l,...,n}. (4.14) 
This can be seen immediately from the causality property P3 [ EG73|| . 

2.1. Properties of the interacting fields. The properties of the time 
ordered products PI - P4 and the normalization conditions Nl - N4 have 
immediate consequences for the interacting fields defined above. Because of 
( ^■50 ) and the definition of R we find that 

IgJ. = I. (4.15) 

Since the interaction ^ is assumed to be a Lorentz scalar, the normalization 
condition Nl implies the conservation of the Poincare transformation properties: 

{AdU{L))Wgj^{x) = {D{A-^) {W))^g^{Lx),yL = {a,A)eVl, (4.16) 

where D is the representation of £\_ according to (pj|) , ( p^ . V\, acts on !D(M) 
as a group homomorphism according to Lf{x) = f{L^^x), f G 'D(M). The 
*-involution on the interacting fields is given by 

{Wg^r = iW*)gJ., (4.17) 

where on the lhs * is the adjoint on V and on the RHS it is given by ( |3.9D ,( 3?Tc| ). 
Since the generating functionals commute for spacelike separated sources accord- 
ing to ([4. 91) the interacting fields are local: 

[Wg^{x), Vg^iy)] = 0, if X ~ y. (4.18) 

Normalization condition N4 further implies the interacting equations of mo- 
tion for the interacting basic generator. 

^iJ^J9^ = -[-Q^J ' fj^^b. (4.19) 
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The commutator of two interacting fields was calculated in pZ)F99|| : 

[WgAx), VgAy)] = - E S /"^^^ ■ • •dyn(ii(5-i?, •••.9^,W- V) {yN,x-y) + 

- R {g^, ...,g^,V; W) {vn, y, x)) . (4.20) 



n=0 



2.2. Iterating the interaction. Bogoliubov's formula not only defines the 
interacting fields it also provides for well defined time ordered products of these 
by multiple functional differentiation |EG73|. We have 

T{Wi,...,Wn)g^{xi,...,Xn) = 



i^6hi{xi) . . . 6hn{Xr, 



-s, 



a^ 



Y.^iW, 



.i=i 



/ll=--- = /ln=0 



E 

m=0 



m\ 



dyi . . . dym x 



(4.21) 



X R{g^,...,gJ^;Wi,...,Wn){yi,--- ,ym;xi, . . . ,Xn). 
The retarded products are given by 

R{Vi, ...,Vm]Wu..., Wn){yM; xn) Y, {-)\'\T{I){yi)T{r, N){yic,XN), 

ICM 

(4.22) 

where we used our short hand notation, denoting N = {!,... ,n} and M = 
{!,... ,m}. They have retarded support, too: 



suppi?(yL, ...,Vm; Wi, ..., Wn){yi, ...,ym;xi,...,Xn)c 
C \ {yi,...,ym,xi 



[,..., Xji 



S {hje-gj^) = ^ - / dxi . . . dx„ r {hJ^, ..., hJ^)gy (xi, . . . , Xn), (4.24) 



)GM'"+-,yiG [jV.{x,),'ii = l,...,mY (4.23) 

Following | DF00a | we now study the iteration of the causal construction. We 
build the 5-matrix of a new interaction J^^ as a formal power series in /i G 

!D(M): 

oo 

I' 

n=0 

which is according to ([4.21| ) and the definition of a generating functional 

= Sgj^ihJ^T). (4.25) 

Then the corresponding relative S'-matrix is given by 

Sh.^,^ ifWgJ^) = Sihje-gJ^y'Sihje-gy + fWgJ^) (4.26) 

= Sgj^ihJ^r^SgAhJ^ + fW) (4.27) 

= S{g^ + hJf)~^S{g^ + hJlf + fW) (4.28) 

= Sg^+h,^{fW). (4.29) 
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This allows to define the interacting (Wg^)/tjr^ -field and T-products of them, 
corresponding to the field Wg^ by the Bogoliubov formula: 



/=o 



(4.30) 

(4.31) 
g the interacting 



idf{x 

because of ( [4.29 ). Especially in the case Jf = ^ and h 
interacting field just returns the free field. 

Now we introduce the general setting which is used in the following chapters. 
The interaction Lagrangian ^ is assumed to lead to a renormalizable quantum 
field theory, hence dim_Sf < 4. Our test function^ g is assumed to be constant 
on an open bounded causally complete spacetime region 0, see figure |l|. 



supp^f 




g = const 



Figure 1. Observable algebra 21(0). 



Then we construct the interacting fields Wg_^ in that region according to 

Wgj^{f)yf G D(M) with supp f C0,W e'B. (4.32) 

The algebra of these fields is our observable algebra 21^^(0). It was shown in 
| BF96 | that any change of the interaction outside the closure of leads to a 
unitary transformation of Sg^{W) independent ofW and hence of all interacting 
fields. Therefore the interaction fixes 21^^(0) up to unitary equivalence. 



^If we also consider a sum of couplings g becomes a vector. 
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CHAPTER 5 



The energy momentum tensor 



In classical field theory any symmetry of the Lagrangian generates a con- 
served current by the Noether procedure. If the Lagrangian is not invariant but 
only shifts by a divergence the same procedure still applies. The current which 
is associated to a translation of the fields is the energy momentum tensor (emt). 
If we have a localized interaction translation invariance is obviously broken and 
the EMT is conserved only where the localization function is constant. But this 
is already enough in view of our interacting observable algebras. 

The Lagrangian possesses a further symmetry, namely scale invariance, if 
no dimensionful couplings are present. Callan, Coleman and Jackiw have shown 



|CCJ7C] that in this situation an improved EMT can be defined by addition of 
a conserved improvement tensor. This improved tensor is also traceless. Con- 
traction of this tensor with x defines the conserved dilatation current reflecting 
scale invariance of the Lagrangian. 

We pursue another way of defining the improved tensor on the example of the 
massless scalar field theory: The equations of motion do not fix the Lagrangian 
unambiguously. We find the improved tensor as the emt of an improved La- 



grangian. A similar derivation was also given by Kasper [ Kas81 |. Since the 



improvement tensor is strictly conserved, the improved EMT is only conserved 
up to the breaking term of the canonical one, related to the localization of the 
interaction. This term also causes a breaking of the dilatation current. We 
discuss this classical situation in section |l|. 

With the classical preliminaries we study the quantum theory. In section |2| 
we analyze the canonical emt for a family of theories, where the free field 
equation is at least of second order and the interaction contains no derivated 
fields. We find that exactly the same conservation equation like for the classi- 
cal fields can be fulfiled if we impose a further normalization condition called 
Ward identity. The Ward identity requires a suitable normalization of T-pro- 
ducts involving the canonical free energy momentum tensor (as a symbol G 55). 
We show that the Ward identity can always be satisfied in section ^ by using 
the inductive method of Diitsch and Predenhagen in |DF99 |. Our result coin- 



cides with a similar result that was derived for the energy momentum tensor 



in the framework of Zimmermann's normal product quantization | Zim73a | by 



Lowenstein | Low71 | and also by Zimmermann pim84 |. We show that the inter 



acting momentum operator (as the corresponding charge) implements the right 
commutation relation with the interacting fields. 



In their paper |CJ71| Coleman and Jackiw argued that the trace of the 



improved energy momentum tensor generates an anomaly in the perturbative 
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interacting quantum theory. Lowenstein has verified this statement for Zimmer- 



mann's normal products in [Low71|. Later, Zimmermann has given a derivation 



of this anomaly in [ Zim84 |. He verified a conjecture by Minkowski | Min76 | that 
it can be normalized to be proportional to the /3- function of the Callan-Symanzik 
equation. This statement already contains a result of Schroer | Sch71]] that the 



anomaly vanishes if the coupling is a zero of the /9-function. A more compre- 
hensive result, also covering possible conformal anomalies, was given by Kraus 



and Sibold | KS92 , KS93 | using the framework of algebraic renormalization. 

In accordance to these results we show in section g that a conserved (up to 
the expected dg breaking) improved emt inevitably leads to the trace anomaly 
in (^ -theory. The definition of the improvement tensor requires a new relation 
between interacting fields induced by a corresponding Ward identity which is 
proved in section |6|. The simultaneous validity of both Ward identities forces 
the trace anomaly to be present. The emt and its improved counterpart both 
define the same momentum operator. The breaking of dilatations given by the 
trace leads to anomalous contributions to the dimension of the interacting fields 
described in section |^ We mention that dilatations were also quite recently 



studied in local perturbation theory by Grigore [GriOO]. But his main focus is 



on the S'-matrix whereas we focus on the interacting fields. 

1. The energy momentum tensor in classical field theory 

We discuss the EMT in a classical field theory. The Lagrangian depends on 
the fields 4>f'^'^^,j = 1, . . . ,r and their first and second derivatives. We assume 
that it also depends on x explicitely via a coupling term —g^^^^^ which is 
assumed to contain no derivated fields: ^^^i^ss ^ _2^ciass|-^ciass^ ^dass^ ^ciass^^^_ 

Then the Euler-Lagrange equations read: 

f) (^tfclass Q rtfclass Q cfic\s.ss 

The EMT is the current associated to a spacetime translation of the fields: 
^ciass^^-j _^ ^ciass^^ + a). By the Noether procedure we find the EMT to be: 



Cjclass/i!^ ^"^ oi/ jclass [ q ^°^ j pa/ icXass 



+ ^^^^d,d^<^r--t'^-^'''-- (5.2) 

In this situation the "conservation" equation reads: 

g^QciassM^ = d^g^-^r- (5.3) 

In the following we investigate two specific models: 

1.1. The general first order model. In this subsection we restrict our- 
selves to the case that there are no twice derivated fields present. The free 
Lagrangian is quadratic in the fields 'pf^^^'Pf^^^J = ^^■■- ,r. The interaction 
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is given by the term above (containing no derivated fields). 

c<9class ^<9class r^class (^ 4.\ 



with K^l^ , G^i, Mij e C. The K, G and M are supposed to possess the following 
symmetries: K!^I" = K^f = K^ ,G^-i = -C^- and Mji = Mij. The Euler- 
Lagrange equations read 



{K^l'd.d, + G^,d, + M,i)cpf^^ = D^i^f^^ = -ff^^^. (5.6) 



The EMT defined by (5.2) is called the canonical emt. It is given by 



r\c\a.ss fiu r^ class /^j/ „i^t^ r, O^class (K 7\ 

(5.8) 



In section m we show that the "conservation" equation (5^) can also be fulfiled 
in the interacting quantum field theory. 



1.2. The massless {(f>'^^^'^'^)'^-theory. If no dimensionful couplings are pre- 
sent, it is always possible to construct a conserved and traceless emt. This 
tensor is called the improved emt and was first introduced by Callan, et. al. in 



| CCJ70|] . We derive this tensor in ((/>**) -theory as the EMT of an improved 



Lagrangian making use of the ambiguity in the definition of the Lagrangian. A 



derivation of this kind was already performed by Kasper | Kas81 ]. 
The equations of motion read: 



n-^^'^^^ = -9^^- (5-9) 

Since a total derivative in the Lagrangian does not change the equations of 
motion they originate from both following expressions: 

^^^l^^ = -dpcp^'^^^'dy''^^'' - g^^^^', (5.10) 

^^^^ = -dp^^'^^'df^''^^' - -(/)^^'^'n<p^^^'' - g^^r- (5.11) 
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The corresponding emt's are called the canonical and the improved one, respec- 
tively. The first one already follows from the last subsection: 

o o 



r\cla,ssfiu _ rclass/z/^ T^ 1 f^^ 

cajii Q ' V ' / 

where we have introduced the conserved improvement tensor 

rclassfiu __ o/i i class o!// class . i^class o/i o!/ i class . 

- r]^"'dp(l)''^^''''dP(j)''^^'''' - r^M^^ciassp^ciass (5 -^g^ 

= - {d^'d'' - ri'^'D) ((/)'=i^^^)2. (5.17) 

Contracting the indices, we find Vfii^^'iim^^'^ ~ ^- "^^^ improved tensor gives 
rise to the dilatation current: 

^class^^^^0dassM._ (5.18) 

Its conservation equation reads: 

g^^ciassM = rjp.e^^^'"' + x.d^et^^'^" = x^'dpg^^^r- (5.19) 

The dilatation current is the Noether current corresponding to the scaling 

0ciass^2;) -^ e'^°^(jf^^^{e'^x) with d = 1 of the improved Lagrangian (5.11). On 



the other hand we can derive the dilatations from the canonical Lagrangian 
( 5.10|) . In this case we find: 

^classM ^ ^^QclassM^ + ^class g/. ^class ^ ^5 20) 

with the same conservation equation. The zero component of the difference is a 
divergence w.r.t. the space coordinates and therefore does not contribute to the 
charge: 

^classO _ ^classO ^ Ig,^. (^[j^0])(^class)2^ (5 21) 

o 

In section ^ the corresponding QFT is considered. 

2. The canonical quantum energy momentum tensor 

We now discuss the perturbative quantum fields which are associated to the 
canonical emt. While for the free theory all equations from classical field theory 
can be carried over due to the Wick ordering procedure, the interacting quantum 
fields require a special normalization which is implied by a Ward identity. This 
identity enables to conserve the classical structure also in the quantum theory. 
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2.1. Free quantum theory. The classical fields from the last section may 
now serve as the symbols from our auxiliary variable algebra 03. For our cor- 
responding quantum fields ifj we assume the same equations of motion to be 
satisfied 

DjiT{ipi) = 0. (5.22) 

By investigation of the K, G and M we find that this covers a lot of equations 
like Klein-Gordon and Dirac equation. The commutator 

[T{ip^){x),T{ipk){y)] = iAjk{x-y), (5.23) 

may therefore be an anticommutator in the case of Fermi fields. Now we regard 
©ocan e ^ from (Ipl) as a symbol {(p''^^'' -^ ^): 



- ir/'^^ {K^^dpifid^ipk + Gfj^dpipiifk - Mikifiifk) . (5.24) 

Then T{@q'^^^) =: Oq^^^j^ : defines the free canonical quantum EMT. Since the 
equations of motion hold inside the Wick ordering we maintain the conservation 

d,--QZ.n--=0. (5.25) 

2.2. Interacting quantum theory. Applying the framework of pertur- 
bative interacting fields introduced in the last chapter we investigate the con- 
sequences of switching on an interaction. We assume that the interaction .if 
contains no derivated fields. Corresponding to the free canonical EMT we con- 
struct the interacting counterpart. According to ( [4.10 ) we have: 



n=0 ■ •' 

(5.26) 
But this is only the part corresponding to the free fields. The total tensor 



®canoi? receives another contribution from the interaction (cp. (5.7)): 



^Zr.,^ = ^Z..,^^r9^,^- (5.27) 

Since g is of compact support global translation invariance is broken. Hence 
we expect the conservation equation to be satisfied that takes account of the 
non-invariance of the coupling function (cp. ( ^.3^ ): 

Q,^Z.,^ = d''9^,^- (5.28) 

If this equation is true, we have local conservation on OQ 

^ZngA^P^f) = 0' V/ with supp/ C 0. (5.29) 



Equation (|5.28D is the main statement. We now give a formulation in terms 
of the perturbative contributions. It comes out that the conservation can be 
completely discussed on the level of T-products. The corresponding equation is 
a Ward identity involving the free canonical EMT. 



^We have assumed <? |"o= const => ^^l,g \q= 0. 
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Inserting the definition oiQ'^'^^^ from (|5.27|) we see that ( 5.2^ ) is equivalent 



to 



d,%:.n,j, = -9d^^,^- (5.30) 

We expand this into the formal power series in the coupling. The RHS becomes 

= ~9{x)^—^^ / dyi...dy„(9^i?(^, ...,if;^) {yi, . . . ,yn;x) g{yi) . . . g{yn) 

" ^ Yl ~^ / ^yi • • • ^?^"+i 9{yi) ■ ■ ■ givn+i) X 

n=0 "" -^ 

, n+1 

X ^— - V a^i? (^, ...,/:,..., ^; if ) (yi, ...,/;,... , y^+i; x)5(yfc - x) 
n + 1 '^^ 
fc=i 

= ^X1~ / dyi---dy„5(yi)...g(y„) x 

n=l ■ "^ 

n 

X ^ a^i? (^, ...,/:,..., .if ; ^) (yi, ...,/;,... , yn;x)5{yk - x). 

k=l 

(5.31) 



The expansion of ©ocangif ^^^ already given at the beginning. Then ( 5.30 ) is 
fulfiled if 

9^i?(^,...,^;e^^,J(yi,...,y„;x) = 

n 

; ^ a^^i? (if ,...,/:,..., if ; if ) (yi, ...,/:,..., y„; x)5(yfc - x) (5.32) 



n 
fe=l 



is satisfied to all orders. The i?-products are completely determined in terms of 
the T-products ( 4.12| ). We show that it is sufficient to prove the following Ward 



identity :0 

&'^TiWi,...,Wn,eZJ{yi,...,yn,x) 

n 

Y, HVk - x)dlT (H^i, . . . , PF„) (yi, . . . , y„), (WI 1) 



> ' 

n 



I 
k=l 



for all Wj G *B which are (not necessarily proper) sub monomials of the coupling 
if. We therefore prove the statement for all Wi ^'^ that contain no derivated 
fields and have dim < 4. 



^The index on the derivative on the rhs refers to the respective y-coordinate. 



dl 
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The Ward identity WI 1 can be integrated to the functional equation: 

— il <7^ + /-fc»0can + 

(x) \ 



i^ffiuix) 






g{x)ir. 



Multiplying with S{g^) ^ from the left and expanding in powers of the coupling 
yields ( 5.32| ). Using 



— 5(<7if + /-eoc 

id} 



/=o 



idj 



/=o 



(5.34) 



we find that ( 5.33| ) also holds for the inverse functional. This implies the cor- 
responding Ward identity for the T-products to have a minus sign. A simple 
calculation also shows that (|5.33 ) implies 



9;! 



iSffiuix) 



S„ 



h/-eoc 



XhW) 



9i^)d"^7A:X + K^)d:7I^]SgAhW). (5.35) 



'i5g{x) 



i6h{x) 



Expanding this equation in n'th order g and first order h results in the following 
identity for the i?-products: 

d^'R {N, eZ.^; W) {yN,xi;x2) = i Y, 6{yk - xi)dlR{N- W) (y^; X2) + 

fceAf 
+ i6{x2 - xi)dl^R{N- W) {yN]X2) ■ (5.36) 

The next section gives a proof of WI 1. 

3. Proof of the Ward identity 

Diitsch and Fredenhagen have presented a very general framework for prov- 



ing a Ward identity of this kind in | DF99 |. It was generalized by Boas | Boa99 | 
in the presence of derivated fields. This is our situation here and we apply their 
methods. The strategy is as follows: A possible violation of the Ward identity is 
called an anomaly. Since all T-products are supposed to fulfil the normalization 
conditions NO - N4 we perform a double induction, one over n and one over 
the degree (number of generators) of the Wick monomials. We assume that the 
anomaly in both lower orders is zero. 

• Step 1. The commutator of the anomaly with the free fields vanishes. 
Therefore it can appear only in the vacuum sector. 

• Step 2. If one Wi is a generator (which is the lowest degree sub monomial), 
the anomaly vanishes due to N4. 

• Step 3. Because of Nl and the induction on n, the anomaly is a Poincare 
covariant C-number distribution with support on the total diagonal. We 



52 5. THE ENERGY MOMENTUM TENSOR 

show that it vanishes by an appropriate normahzation, i.e. adding a S- 
polynomial with the right symmetry properties (NO).^ 

To save some space we use the short hand notations from above. We define 
the anomaly a by: 



a" {x, vn) = d^T {QZ.n^ N) {x, vn) - ^Y1 ^(Vk " ^)5fe^(^^) (vn) • (5.37) 

fc=i 



Step 1. We commute the anomaly with the free fields.^ We use a double 
induction, one on n and the other on the degree of the Wick sub monomials. 
Using (N3) we need the sub monomials of ©ocan- 



f)P)t^'^ 1 1 

-^ = -^Gjid'^i + -V^^C'.^dpipi + Tj'^'M.iipi (5.38) 

— i^, = K^fd'^ifi + 2r?-(^i^;/"a,(^i + v^^'Ofiipi. (5.39) 



We explicitely distinguished between the basic generators and the first order 
ones. Here and in the following the sums only run over the basic genera- 
tors therefore. Equations ( ^.38 ),( 539| ) are linear in the fields. We demand 



T-products containing once derivated basic generators to fulfil the following 
normalization:^ 



d;Ticp„N)ix,yN)=T{d^ip,,N)ix,yN). (5.40) 

This translates into 

d^iPjgj^ix) = {d^ipj) j^ (5.41) 



3 



If the curre nt itse lf is a sub monomial of the coupling, this may lead to non trivial 



conditions like in |DF9£|. 

We use the symb ols (/p;,^ and 9^^; synonymously. 

^Because of (B^OT) this means iuo{T{ipj^^,(fik)ix,y)) — d^ojo {T{ipj,ipk)(x,y)). If the fields 

ipj , (fk are bosonic with mass dimension 1 this is automatically fulfiled because of the negative 

singular order. In the case of two Fermi fields with mass dimension | and non vanishing 

anticommutato r, e.g . V)^ we have: uJoiT{ip,fi,tp){x,y)) — idi_iS^ {x — y) + cyfj,S{x — y). The 



normalization (5.40) requires c = 
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for the interacting fields. We calculate the following relevant term: 
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ae'fl 



fd@l 



dfAT \ :^^;^^^,N ] ix,yN) A,,ix-z)+T [ ^^^^^^^,N ] ix,yN) dpAjiix-z) 



+ dpAji{x - z) 



dO: 



flU 






+ 



T{ipi,N){x,yN) 



2 •'^ 2 ^ 



-d^Aj,{x - z)GP^dl + MjiAj,(x - z)dl + 

+ d^dpAji{x - z)K^fd', + a'^A,,(x - z)Mji + 

+ a'^A,,(x - z)G>;,d; + a-A,,(x - z)K^i''d;d^)T{^i,N) {x, y^) 

{DijAjiix - z)d: + d^'Aj.ix - z)D]i) T{^i, N) (x, vn) 
d^A.^ix -z)D]iT{^i,N){x,yN), 



(5.42) 



since A is a solution of the free field equation. Now we commute the anomaly 
with the free basic fields and use N3: 



[a'' {x,yN) ,^i{z)] 



d;[TieZ.r.N)ix,yr,),^^{z)] + 

n 
k=l 



id^^Ti :-il^, AT ) (x,yjv) A,,(x - z) + 



+ T (^§^,Nyx,yN)dpA,,{x - z)\ + 

^lY^dlT (^e^:,„, T^, . . . , ^, . . . , T^„ j (x, y^) A,.(y, - z) + 

(5.43) 



fc=i 



. /=i 



If the derivative on the last line acts on T it cancels the third line by the 
induction hypothesis. Only the term with I = k and the derivative on A remains. 
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The 6 function allows to put yu = x and by inserting (|5.42| ) we end up with 



d^'^jiix - z) 



iDlT{^uN){x,yN)+ (5.44) 



Y^5{yk-x)T{wu■■■,^,■■■,Wr^ 



(5.45) 



0, (5.46) 



because of (N4). Since the Ward identity commutes with all free fields the 
anomaly is a C-number. Because of the causal Wick expansion (|3.55| ) it can 
only appear in the vacuum sector: 



a%x,yN) = {^,a%x,yN)n). (5.47) 



Step 2. We prove that the Ward identity is compatible with the normal- 
ization condition (N4). Using the equivalent formulation ( p. 60] ) 



{VL,T{N,^i){yN,z)n) = 

= iY,^l{z- yk) h, t(Wu..., ^, ...,Wnj (yiv) n) + 

-iJ2dp^f,i^ - yk) h,T(w^, ..., ^, . . .,Wn] (yN) n 



fc=i 



with Afjy — x) = {Q, ^pi{y)^pj{x)Q) . Then a calculation along the lines of ( ^.4: 
shows 



V) \F, ^\ / n rr I '^Qpcan 



d^^^Af^iz - x) {^n,T i^-^^,N j ix,yN)nj + 

- dpAf^iz - x) (n, T (^^, A (x, yN) n 

= {D^iAf^iz - x)d^, - d'-Af^iz - x)D]i) {n,T{^i,N) {x,yN)n) 
= {6ii6{z-x)d^,-d''Afj{z-x)D]i){n,T{^i,N)ix,yN)n), 

since A^ is a Green's function of the equation of motion: DjiAf- = DijA^- = 
5ii5. We set a'^ {x,yN,z) like before with W^+i = (pi and compute its vacuum 
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expectation value. We obtain 

^ ) \F ( ^ ry.\ / O n^ I Ocan 



id^J Af^iz -x){^,T[ -^^^, N ] {x, yN)n) + 






dpAf^{z-x)(n,T{^^,N]{x,yN)n)} + 



- i6iz - x)di {n, r((^„ N) {z, vn) n) + 

(5.50) 

Again, if in the last line the derivative acts on the T-products these terms cancel 
the third line by the induction hypothesis. The term I = k with the derivative 
on A^ remains. Inserting ( ^.49| ) gives: 

= -id''Afj{z-x)D^l{n,T{y,i,N){x,yN)n)+ (5.51) 

-Y,^iyk-x)d''Af^{z-yk)(n,T(w,,...,^,...,WnyyN)n 

= 0, (5.52) 

because of (N4). 

Step 3. We show how the anomaly can be removed by an appropriate 
normalization. The above steps have shown that it has the following form: 

n 

a'ix, y^) = d; {n, T{QZ.n. N) (x, y^) n) - iY^ 5{yk - x)dl {n, T{N) (y^) n) 

k=l 

(5.53) 
= M''{d)6{yi-x)...6{yn-x). (5.54) 

Here, d = {di, . . . , dn) and M^ is a Lorentz vector valued polynomial of degree 
< 5, since singord ([7,r(G^^^^, A^),^?) = dimG^^^^ + ELidimVFi - 4n < 4 
according to ( p. 611) . If M'^{d) has the form 

M''(9) = j;a;Mr(5), (5.55) 

with Ml again a polynomial, the normalization T(Gq^jj^,A^) -^ T{<d'Z^^^N) + 
M'^^ [d)5 removes the anomaly. 
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We show that this is the case. We introduce the free momentum operator]^ 

P^^ = I d^^@t.n{^)- (5.56) 

It is a hermitian operator that annihilates the vacuum. 

For every (yi,...,?/^) we take a double cone with y^ G for all i = 
1, . . . , n. Choosing a g, with g\-Q = 1 we decompose d^g = a^ — b^, such that 
suppa^ n {V- + 0) = supp6^ n (y+ + O) = 0. We smear out the first term on 
the r.h.s of ( |5.37| ) with this g and use the causal factorization of the T-products: 



dx a^r(e^^,„ N) {x, vn) g{x) = (5.57) 

= -0^can(«M)r(^^) iVN) + T{N) (y^) Q^^niK) (5-58) 

= - rcanK),r(^^) iVN)] - T{N) (y^) @Z.nid^9). 

The second term vanishes because ©ocan i^ ^ conserved current. Then, in the 
commutator 0ocan('^A') "^^^ ^^ replaced by —P'^, since T{N) is localized in 0: 

= [P^T(^^)(y^)]. (5.59) 

Therefore the vacuum expectation value of ( ^.59| ) vanishes. Smearing the second 
term of ( |5.37| ) with g and taking the vacuum expectation value we find: 

/n n 

dx ^ 6{yj - x)d] {n, T{N) {vm) n) g{x) = ^ J] 5J (f), T{N) (y^) 0) = 0, 

(5.60) 



j=i 



i=i 



because of translation invariance. Hence we geij] 

/ dxa''{x,yN) = 0. 
To prove ( |5.55| ) we work in Fourier space: 

= M^{-ipi,. . . , -ip„)e*(Pi+-+P")^ 
If we integrate over x and use ( |5.61] ) we find: 

d'^xa''{x,pi,...,pn) = {2TT)'^M''{-ipi,...,-ipn)6{pi + 



\-Pnyn) 



(5.61) 

(5.62) 
(5.63) 



M^i-ipi, 



-Wn, 



0. 



PlH hPn = 



+ Pn)=0, 

(5.64) 
(5.65) 



One has to giv e some meaning to the formal integral in (5.56). We refer to the method 
of Requardt |R,eq76|. This shows that a charge like P^ can be defined for massive theories 
in general and for certain massless theories, if the infrared behaviour is not "too bad". We 
explicitly show the existence in section |^ for the massless v5*-model. But the same conclusion 
also hold s if t he mass dimension of Oocan is not less than four. This is the case here, if the 
fields in (5.24) contracted with K are bosonic and the ones contracted with G are fermionic, 
as usual. 



'^Note that the rhs of (5.54) is of compact support in the difference variables yi — x. 
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We set q = YJi=iPi^ and write M''{q,pi, . . . ,Pn-i) = M''{-ipi, ... , -ipn). Per- 
forming a Taylor expansion at the origin we get: 

degreeM"" ^ ^ 

M-{q,p,,...,Pn-i)= Yl E lil"^"^^^'^^'---'^)' (^-^^^ 

fc=l \a\ + \l3\=k "■^' 

P = (Pi; • • • ,Pn-i)- Because of (|5.65|) there are only terms with |a| > 1 in the 
second sum. If we Fourier transform back into coordinate space this implies 
(PI). 

The normalization term M^"^ cannot be added to the first two terms of 
^(®Ocan) only- The next two terms (conf. ( ^.24 )) are multiples of the traces of 



the first ones. This symmetry has to be preserved since we demand linearity of 
the T-products: 

rj^,T{df'ipjd''ipi,N) = T{d^'ipjd^ipi,N) (5.67) 

=> r]Ad^Vid"^i)a.^ = {d^Vjd^Vi)gj^. (5.68) 

Therefore we add the normalization terms according to 

(5.69) 
^ Kl'jfTidpipid^ipk, N) ^ KJ'^PTidp^id^^k, N) + ^MPp{d)5. (5.70) 

If the normalization has to be performed on the other terms we put: 

Gf,T{d''ipi^,,N) - Gr,r(aVz^fc,iV) + 2 (^Mr - ^r/^^Mf^) (8)6, 

(5.71) 
=> Gf,T{d^^i^k,N) ^ Gf,T{d^vi^k,N) - ^Mf ^(9)5. (5.72) 

These normalizations remove the anomaly. 



4. The interacting momentum operator 

Now we investigate the interacting charge generated by the conserved en- 
ergy momentum tensor. It defines the interacting momentum operator since its 
commutator implements the infinitesimal action on 2lg^(0) according to: 

[&cLMf)^^M^)] = id'^Wgj^ix) (5.73) 

for all PF G 53 containing no derivated fields. The test function / E D(M) is 
supposed to be f{y) = h{y^) for all y = {y^jj) E M in a neighbourhood of 
X + (F+ U F_) and / dyO h{y°) = 1. 
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4.1. Proof of (|5J^ ). We follow the idea of pF99|| . We use the abbrevia- 
tion dfjN giVN) = Wii^N'^Vidiyi)- With the definition of the commutator ( ^.201) 
the support properties of the -R-products and the choice of / from above we 
have: 



[Qt.nMf)^^Mx)\ = / dy/.(yO) [et..,Ay)^Wgy{x)\ 



n=0 "" -^ 

X [(/i(yO) - h{y'> -a) + h{y^ - a))R (iV, Qt.n. W) {vn, y, x) + ^^'^^^ 

- (/i(y°) - h{y^ -h)+ h{y^ - b))R (iV, W; et.n) (vn, x; y)] , 

where Wj = .if, i = 1, . . . ,n. Since h has compact support we can choose a > 
and b < big enough that the contributions of h{y^ — a) and h{y^ — b) vanish 
due to the support properties of the i2-products, see figure ||. If we define the 



supp/i(2/° — a) 



supp/i(y") 



supp h{y'^ — b) 




g — const 



supp dg 



Figure 1. Supports oi f,h,g,dg and i?-products. 



following two functions 



k{y) = k{y^) = 


/ dz{h{z)-h{z- 

l-oo 


-a)), 


(5.75) 


Hy) = Hy') = 


/•oo 

/ dz{h{z)-h{z- 


-b)), 


(5.76) 
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the commutator becomes 
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[0Ocan9i?(/),Wg^(2;)] = 

= ^—^ I dyNdygivN) x 

n=0 "" -^ 

X [kiy)dyR (N, e^^^; W) iyN,y; x) + kiy)dyR (N, W; Q^^n) iVN, x; y) 
= i{k{x) +k{x))d''Wgj^{x) + 

+ ^^— (^VNgiyN) X 

n=l "" "^ 

n 

X Y^ [k{yj)d^R {N; W) {yN-, x) + k{y,)d'^R {N \ j, W; j) {yN\j,x; yj 



id'^Wg^ix) + 



- iv^"" ^—^j'^yN 9{yN) X 

n=l 
n 

X E [(^(2/°) - /i(y° - a))R {N- W) [yN-^x] + 
- (/i(y°) - /i(yO - 6))i? (iV \ i, VF;i) (y^\,-, x; y,- 

oo ^„ „ n 

- « X] ~ / ^^^ X] ^(^i) • • • ^''^(^^i) • • • SiVn) X 

n=l "• -^ i=l 

X \k{yj)R{N-W) {yN;x) + k{y,)R{N \j,W;j) {yN\j,x-yj) , 



+ 



(5.77) 



where we have inserted the Ward identities (|5.32|) , (|5.36|) and used the fact that 



/px poo 

dzh[z) — j dzh{z — a)— / dzh{z — b) 



1. (5.78) 



The support of / in the time direction and therefore of h can be made sufficiently 
small, see figure [I]. Then the term d"g{yj)k{yj)R{N;W){yN]x) vanishes due 
to the support of properties. The same is true for the second term in the last 
integrand of ( 5.77| ). In the first integrand the h{y^j — a) and /i(y^ — b) can be 
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omitted, again. We obtain 

oo 



irj 

n=l 



n=l 

X Y, Hvl) [r (N; W) (vn; x)-R{N\ j, w-j) {yN\j,^; Vj) 
= id^'Wgj^ix) + (5-79) 

+ ^^'^ S (n-iv / '^y^^sivi) ■ ■ ■ g{yj)h{y^) ■ ■ ■ givn) x 

n=l ^ '' -^ j=l 

x-[r{N\ j,j; W) {yN\j,yj;x) -R{N\ j, W;j) {yN\j,x- y^) 

= id'^Wgj^ix) - r?"'^ [^gAgf), Wgj^[x)] , 

since all terms in the sum of the last integrand are equal because of the sym- 
metry. Hence we find: 

[QcLgAf),Wg^ix)] = [Qt.nMf)^wM^)] +v'"' [^M9f),Wgj^{x)] 

= id^Wg^ix). (5.80) 

We show that one can define a momentum operator according to 

p;^= /"d3xeo:,,^(xO,x). (5.81) 



Due to the definition of interacting fields ([4.11|) we start investigating the free 
contribution. Following the method of Requardt | Req7€ | we consider the local- 
ized momentum operator: 

aP^ = I d^xkxix^)hxi^)etAx'',^), (5.82) 

with test functions h G ViR^), h{0) = 1 and /c G ©(R) with /dx°A;(x°) = 1. 
We set /ia(x) = /i(Ax) and kx{x^) = Xk{Xx^). Calculation of the correlation 
function of two EMTs results in: 

^,0O^an(^)0Ocan(y)f^; 

= d^d^D+{x - y)df'd''D+{x - y) + d^d^'D+{x - y)d^d''D+{x - y) + 
- 277°(^a'^)5''D+(x - y)dpd^D+{x - y) + 

+ \rf''rf''dpd.D+{x - y)dPd''D+{x - y) ^^'^^^ 

= X' (n,e'o^,,,{Xx)@t.n{^y)^ 
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since the massless two-point function Dj^ is homogenous of degree —2. We have 

(5.84) 

and this imphes HmA-+o lU-P'^^ll = 0. For an arbitrary Wick polynomial W we 
additionally have 

lim [xP", W{x)] = d^Wix). (5.85) 

A — ^U 

The domain V is the linear hull of all <^ = Wi{fi) . . .Wrifr)^, with Wi Wick 
monomials and /« test functions. With the derivation property of the commu- 
tator, this defines the momentum P^ = lim;^^oA-P'' in a strong limit on V: 

p<i>n = [p,<^]n. 

In the interacting contribution of ( ^.8lD the space integral is restricted to the 
hypersurface of constant x^ intersecting V +{supp g) and hence compact because 
of the support properties of the i?-products. The interacting canonical tensor 
further contains the interaction term (cf. ( ^.27D ) which is localized. Hence the 
integral in (^.811) exists. 



5. The interacting improved tensor in massless (/9^-theory 

This section treats the possibilities for defining an improved EMT. It results 
in the unavoidable appearance of the well known trace anomaly. The definition 
of a suitable improvement tensor requires the validity of a further differential 
equation involving interacting fields. This equation is proved by a corresponding 
Ward identity in the next section. 

We consider the free massless scalar field ip. It satisfies the wave equation 
and the commutation relation: 

nv9 = 0, [ip{x),^{y)]=iD{x-y), (5.86) 

for (/j(x) = T{ip)(x). D is the Pauli- Jordan distribution. The corresponding 
Feynman propagator is denoted by D^ . The free field allows to define a con- 
served and traceless improved emt by the expression from classical field theory 
in form of Wick products: 

■ ^0 imp ■ 





(5.87) 


:a^(pa>: + :99a^a>: -r]^"' -.dp^dPip: 


(5.88) 


d'':ipd^ip:-T]P''dp:ipdP^: 


(5.89) 


-{df^d" -7]^"'n):^'^: . 


(5.90) 



It is well known that the dilatations can be implemented as a unitary sym- 
metry on the invariant domain V of Fock space U : V h^ T>,Uxip{x)U^ = 
Xip{Xx). The infinitesimal transformation is given by the commutator of the 
dilatation charge Q^ = J dx'^ a{x^)fji{'x.)D^{x) for sufficiently large R, where 
J dx^a{x^) = 1 and fn is a smooth version of the characteristic function of the 
ball of radius R. For large R the commutator becomes independent of a and 
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fn | MR71 |. The dilatation current is Dq(x) = Xy :0oimp(a;) :. Since the sym- 
metry is conserved we have UmR^oo ^o{[Q%, W]) = 0, for any observable W = 
/dxi...dx„ :VFi(xi): ... ■.Wn{Xn).f{xi)...f{Xn)^ii\iWi£^Ji£V{M)^ 
Switching on the interaction, the field equation becomes 



°^3^ = -n^)^ ■ (5-91) 



Since the model is just a special case of the general situation discussed in the 



last sections this leads to a locally conserved canonical EMT (5. 24), (5. 27), (^.281): 



QZ,j, = {d'^d^v)^^ - \^^ (5,^aV),^ + m^""^,^. (5.92) 



In order to define an interacting improvement tensor based on ( 5.891 ) we 
require the following identity for some c G M, c / \: 

= {d>^^d-v)g^ + ((^5^a»^^ - cr^^^^ {^U^)gj^ - ct'g (<^|^) . (5.93) 

The equation is obviously symmetric in /i, v. We show this identity to be satisfied 
by a corresponding Ward identity in the next section. The exclusion of the case 
c = I is due to the fact that (|5.93| ) has to be satisfied with WI 1 simultaneously. 
Since the latter one fixes the normalization of (d^ipd'^ip)^ the new interacting 
field (ipd^^d'^ip) j^ must not appear in a traceless combination. 
Now the improvement tensor is defined by 

i;^ = 9^ (^aV)^^ - v'-'d, (9^9V),i^ ■ (5.94) 

It is conserved due to the fi, z^-symmetry of (^.93^ . 



V;^ = 0. (5.95) 

To discuss the consequences of the improvement we introduce the dimension 
operator d on monomials W G ^ according to: 

dW = ^(r + l)^,,,...,^j- . (5.96) 

^ (JHJ,f_i^...^r 

The 1 in parenthesis refers to the dimension of the scalar field (/?. Obviously, d 
has integer eigenvalues. In case of a pure .if oc (^^-interaction we have: 

d^ = if—- = 4^. (5.97) 

dip 



Now we define the interacting improved EMT according to ( 5.15| ) by: 



®impgi? ~ ®cang^ 3^9-^' (5.98) 



^In stead of writing limij^oo [Qd, W] or using the better convergent definition by Requardt 
JReq76| we use the expression [D°{f), W] with a suitable test function /. 
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But the trace of that tensor is not zero. We find: 

^M-efmpsif = - {dp^dP^)^^ + Ag^gj, + dp i^dP^)^^ (5.99) 

= (1- 4c) U(^nvp)^^ + 5(9^1^) j. (5.100) 

This is the well known trace anomaly of the EMT. We see that it is undetermined 
up to a multiplicative real parameter. The anomaly is zero in case that one of 
the factors vanishes. But this contradicts the non existence of a scale invariant 
renormalization.Q| 

The improved EMT defines the same momentum operator: 

rep,^(/), WgJ,{x)\ = K,,^(/), W.A^)] = d^Wg^{x), (5.111) 



^To show the contradiction we have to treat the two cases 



(j) c = - and (5.101) 



(n) (^n^)^^ = -g(^^|^)^^. 



(5.102) 



Assume (i) is true. With 



Jq"^ — d^(pd'^(p + (pd^d'^(p — T]'^" d p'^d'' (fi — -rj'^'' LpU^p, (5.103) 

lT^=ir,^ + \n'"9{dJ^),s,^ (5.104) 

we could define the locally conserved dilatation current by 

D',^ = x.QZ,,^ = ^. (e^Tn,^ - \l'/se) (5.105) 

= ^^{®Z.r.,,^-\lZ^) (5.106) 

^.(e(?can-^^r)) • (5.107) 

The conservation is equivalent to the Ward identity 

n 

d^^T{D'',N){x,yN) ^iY,S{x~ yk){dk + Vk ■ dk)T{N){yN), (5.108) 

k-O 

where dk denotes the fc'th dimension (see next footnote). Passing to the integrated Ward 
identity by integration with a function g chosen like in step 3 of section |3| this leads to 

n 

[D°(/),T(iV)(y^)] = ^(dfe+j/,.a'=)r(iV)(yiv), (5.109) 

fc=i 

where / is a test function like in section ^. Since the dilatations are the infinitesimal symmetry 
transformations of the unitarily implementable scale transformations on the free field algebra, 
the RHS vanishes in the vacuum state ujq- But this implies a scale invariant renormalization 
of a;o(r(A'')) which is not possible. Therefore c 7^ j. 

If we assume (ii) to be true, the last two terms of (5.93) vanish leading to the conserved 
improvement tensor I^^ with 

/'"' — d^ipd'^ ip + ipd^d'^ ip — rj^'^ dptpd''ip — r)^" ipUip. (5.110) 



The dilatations according to (5.105) are conserved and both Ward identities (5. 105), (5. 109) 

1 

contradiction. 



hold with D^ replaced by Dg — Xu(Qq"^^^ — \l'^'')- Because of the same argument this is a 
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because the Ig^-component is either a derivative (or divergence) w.r.t. to the 
space components and djf{y) = 0, y G y+i^) U V^{x): 

Il% = d,{^d^^)^^, (5.112) 

^,% = 5^MV),^. (5.113) 

The trace of the improved emt expresses the breaking of scale invariance. 
If the dilatations are defined by (cp. ( 5.181 ) ) 

D',j, = x.ef^p^^, (5.114) 

we obtain 

d^D^gj^ = Oimpg^'^^ + xi'd^g^g^. (5.115) 

If we define the dilatations alternatively by (cp. (|5.20| )) 

D'gj, = XueZgj^ + i^d^v),^ , (5.116) 

we find the same breaking ( 5.115 ). The (not time independent) charge remains 
unchanged due to: 

5,V - ^°^ = ld,[x^^ (v'5°V)^J. (5.117) 

The next section gives a proof of ( |5.93| ). 

6. Proof of the Ward identity 

We prove equation ( 5.93| ) in analogy to the conservation of the canonical 
EMT by the validity of the following Ward identity:[^ 

d^Tiifd^if, N){x, vn) = r(9'^v9a>, N){x, vn) + r((^a'^av, n){x, vn) + 

n 

-cr/^^r(vpn99,iV)(x,y7v) +^cr/^" J^5(yfc -x)4T(7V)(y7v). (WI 2) 

k=\ 

The proof follows the procedure in section |3|. For N = (/> WI 2 is obviously 
fulfiled. Then we make a double induction over n = |A^| and the degree of the 
Wick monomials. Under the assumption that WI 2 is fulfiled in lower orders 
we denote the possible anomaly by 

a'^^(iV)(x, vn) = d^iTiifd^if, N){x, vn) - Tid^ifd^ip, N){x, vn) + 

-T{^d''d''v,N){x,yN)+cr^'"'T{^a^,N){x,yN) + 

(5.118) 

- iri^'c^Sivk - x)dkT{N){yN). 

k=l 

We show that a normalization of the T{ipd^d'^,N) exists such that the anom- 
aly vanishes if we require the following normalization condition for the twice 
derivated basic field: 

T{d^d,ip,N){x,yN) = d^^d^,T{^,N){x,yN). (5.119) 



^"dfc is the dimension of the fc' th m onomial in the T-product: dkT{N) 
T{Wi, ..., dWk, ..., Wn) and d given by (Oi). 
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By comparison to (|3.60| ), the integrated form of N4, this is achieved by fixing 
the two point function: ojQ{T{d^^d'^ip,ip){x,y)) = id^d^D^{x — y). For the 
corresponding interacting fields we have (d^d'^ip) j^ = d^d'^ipg^^. In order to 
condense the notation we introduce the following abbreviation: 

iV(^^) = {l^i,...,^,...,iy„}. (5.120) 



Step 1. We commute the anomaly with the free field ^{z): 

= a^[rM>,Af)(x,y^),(/p(z)] - [T{d^'ipd''ip,N){x,yN),ip{z)] + 

- [T{^d''d''^,N){x,yN),^{z)]+cri>'''[T{ipa^,N){x,yN),^{z)] + 

n 

- icr/^^ ^ 5(y/ - x)4[T(iV)(yjv), V'(^)] 

1=1 
= d^^dlT{^, N){x, yN)iD{x - z) + d^Ti^p, N){x, yN)d^D{x - z) + 

+ d^T{ip, N){x, yNWD{x - z) + T{ip, N){x, yN)id^d''D{x - z) + 

- d^T{^, N){x, yN)id^'D{x - z) - d^T{ip, N){x, yNWD{x - z) + 

- Tid^'d"^, N){x, yN)iD{x - z) - T{ip, N){x, yN)id^'d''D{x - z) + 
+ cj^^^TiUif, N){x, yN)iD{x - z) + 

n 

- icrf^ Y. ^^y^ - x)T{N'^^^^){yN)iD{yk - z) + 

k=l 
n 

+ J2(^'"'iN^"'^)ix,yN)iD{yk - z) 

k=l 

= 0, 

(5.121) 

if we apply the induction assumption {a^^'^ {N^'^''') = 0) to the last line and and 
the normalization ( ^.119| ) and normalization condition N4 to the previous lines. 
Therefore, the anomaly has to be a vacuum expectation value: 

a^'%N){x,yN)=u:o{a^'''{N){x,yN)). (5.122) 



Step 2. We show that the anomaly vanishes if one Wick monomial is a basic 
generator ip. Because of Step 1 we only consider vacuum expectation values and 
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use ( pO|) : 



= d^ujo (r(v9av, A^, v){x, VN, z)) + 

-u;o{T{^d''d''^,N,^){x,yN,z)) + 
+ cnf^'cjo {TiipBip, N, ^){x, yN,z)) + 

n 

- icri^'" Y, ^(yi - x)uJo{dlT{N, ^){yN, z)) + 

1=1 

- icv^'diz - x)uJo{T{N,^){yN,z)) 

= -id^'D^iz - x)loo (r(aV, N){x, vn)) + 
+ iD^{z - x)a^u;o (T(5>, N){x, vn)) + 
+ id^d^D^iz - x)u;o (Ti^, N){x, vn)) + 

- id'D^iz - x)d^iOo {T{ip, N){x, vn)) + 
+ idf'D^iz - x)c^o (T(5>, N){x, vn)) + 
+ id^D^iz - x)c^o (r(a^(^, N){x, vn)) + 

- iZ?^(z - x)uo {Tid^d-'ip, N){x, vn)) + 

- idf^d^D^iz - x)iOo {T{ip, N){x, vn)) + 
+ icr]^''D^{z - x)uJo {T{n^, N){x, vn)) + 
+ icii^'^UD^iz - x)ljo (r(v9, N)ix, yN)) + 



(5.123) 



icv'"' Yl ^(^ - yk)MT{N^"'^){yN))iD^iz - yt) + 
fc=i 

n 

icv^-'diz - x) ^iD^(z - y,,)'^o(T(iV(^'=))(yiv)) + 



fc=i 



+ ^^0 (a'^'^(iV(^'=))(x,y^)) iD^iz - y^) 

fc=i 
0. 



We have used DZ?^ = 5, the normalization ( 5.119|) , N4 and the induction 
assumption. 



Step 3. Because of the induction assumption the anomaly is a local term: 

u:^{a^^{N){x,y)) = M^^{d)5{x,yN), (5.124) 
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where S{x,yN) = S{x — yi)...d{x — yn) and M>^'^ is a polynomial in = 
{di, . . . , dn) of degree < 4. Therefore we can absorb the anomaly by the follow- 
ing normalization: 



u;o (TM'^aV, N){x, y^)) ^ c^o {Ti^d^'d^^, N){x, y^)) + M^^''{d)5{x, y^) + 

- j^r,^''MP,{d)5{x, yjv), (5.125) 

^ c^o {T{^n^, N){x, yr,)) ^ c^o (TiipBip, N){x, yr,)) - -^^M%{d)6{x, yN), 

(5.126) 
^iUo{a^''{N){x,yN))^0. (5.127) 



As long as the trace of the anomaly M^p is non vanishing the normalization can 
only be done for c / |. 



7. The anomalous dimension 

Although the dilatation current is not conserved in the interacting theory we 
calculate the commutator of the corresponding charge in order to obtain a term 
that measures the anomalous dimension. Prom WI 2 we derive the following 
Ward identities for the /^-products: 



df,R{N,ipd^^;W){yN,y;x) = 

= R{N, d^^d'^ip; W){yN, y, x) + {I - 4c)R{N, ipDip; W){yN,y; x) + 
+ Aic Y, HVj - y)djR{N- W){yN;x) + Aic5{x - y)R{N; dW){yN; x). 

(5.128) 
If we set M = {Fi, . . . , Vm], Fj G 53 we find: 

dlR{N-^d>'^,M){yN;x,XM) = 

= R{N, d^ipd'^p, M){yN;x, xm) + (1 - 4c)i?(iV; ipBip, M){yN;x, xm) + 

+ Aic ^ 6{yj - x)djR{N \ j;j, M) {yN\j;yj,XM) + 

jeN 

+ AicJ2 ^(^j -x)djR{N;M){yN;xM)- 
jeM 

(5.129) 
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A calculation similar to the one given in section ^ shows that the following 
commutation relation holds: 






+ (l-4c)<^ V^ dvNdyg 



(vn) X 



R{N, gd^- W)[yN,y; x) + R{N, ^O^; W){yN,y; x) k{y) + (5.130) 



+ i^R{N, W; gd^){yN, x; y) + R{N, W; vn^){yN,x; y) ) k{y) 
-i{dW)^^{x)\. 



+ 



The terms in braces are the anomalous contributions. They are necessarily 
non vanishing (because of the normalization that excludes case {ii) in (|5.102 )). 
Moreover they are operator valued. We compute them for the case W = (p, 
where the normalization of the i?-products is known due to N4 | DF99|| . 



= i^gJifix) + ix^'d^ipg^ix) + 



+ z(l-4c)<^ ^— / dyNdyg{y 



.n=0 



m X 



E 

1=1 



d^ 



Drct{x-yi)lg{y)RlN\l,dJ^;—\ {yN\i,y;yi) + 

+ rIn\i,pO^;—j {yN\i,y;yi)]Hy) + 

+ D,,{x - yi) (g{y)R (iV(^'); d^) {y^; y) + 
+ R(N^'''^;^n^)iyN;y)]kiy) 



+ {D,ct{x - y)k{y) + L)av(x - y)k{y))R N; if 






{yN\y)k{y) 



(5.131) 



On the other hand we can study the interacting Ward identities of the dilata- 
tions. Since time ordered products of interacting fields are already determined 
by time ordered products of free fields with an arbitrary number of interactions 
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according to (|^, we find with (|5.128D , (|5.129|) : 



d^TlD^^^,^,...,^^ 



)\X, Xx, • • • , XfYi) 



T 



'^imp „5 V-') ■ 



, (/?) {x,xi,. 

g^ 



+ 



+ x^'d^g{x)T (^, v?, . . . , v?)^^ (x, xi, 



+ 



(5.132) 



+ i j;; 5(xi - x)(4c + xf 9;,)r (v?, . . . , c^)^^ (xi, 



/=i 



The anomalous terms defined above are no anomalous dimensions in the form of 
a formal (local) power series in the coupling that multiply the interacting fields. 
This is no surprise since already for the free massive field the dilatations are no 
symmetry and the above method of commuting with the (non time invariant) 
dilatation charge does not produce a number in that case. Nevertheless also the 



massive scalar field is given the canonical dimension one. In |CJ71] the authors 
suggest to define the dimension by equal time commutators. For the free field 
this method is well defined and produces the right result. But it is not clear that 
this carries over to the interacting fields since they may become more singular 
objects in the time coordinate as their free counterparts. 
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CHAPTER 6 



Operator product expansions 



In ||Wil69|| Wilson suggested that a product of interacting field operators 
on separated points could be expanded into a sum of local operators if the 
separation goes to zero. Such an expansion is called operator product expansion 
(ope). 

Zimmermann has introduced his notion of perturbative normal products in 



| Zim71 , Zim73a |. In his approach (interacting) operators are always defined 
via their Green's functions, namely vacuum expectation values of time ordered 
products with an arbitrary number of fields. The Green's functions are renor- 
malized by BPHZ- or in the massless case by BPHZL subtraction. 



In | Zim71 , Zim73b | he gave a generalization of these local products to multi 
local ones. They admit a restriction of all coordinates to one yielding the local 
normal product. By relating a bilocal product to a time ordered one he derived 
an OPE verifying Wilson's hypothesis perturbatively. He found explicit formulas 
for the expansion coefficients in the form of Green's functions. 

Since in the framework of Bogoliubov and Epstein-Glaser the operators are 
defined directly we try to mimick Zimmermann's procedure. We define a new 
time ordered product containing a bilocal expression which allows for setting its 
coordinates to the same value (in the sense of a restriction of a distribution). 
We are concerned with scalar fields only and our bilocal T-product has only the 
basic generators in the bilocal insertion. 

The definition of a bilocal T-product gives rise to a corresponding bilocal 
interacting field. Following Zimmermann's notation we also call this object a 
normal product. The transition from the T-products to the interacting fields 
automatically generates an ope for the time ordered product of two interacting 
fields. The coefficients depend on the coupling only locally. In ip^-theory two 
coefficients appear. One consist of graphs that contribute to wave function 
and mass renormalization only. The other collects graphs contributing only to 
coupling constant renormalization. 

With the normal product defined we investigate the first step towards the 
definition of a state on the local algebra. We find the corresponding two point 
function to be positive in an appropriate sense as a formal power series. 

1. Bilocal time ordered products 

The word bilocal time ordered product means a usual time ordered product 
where only one entry is a bilocal expression. We derive an explicit formula that 
defines these products for two scalar fields. Let us mention that our expression is 
only explicit up to normalization terms which restore broken Lorentz covariance 
(cf. chapter m, section ^). We state the problem first: 
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Consider the case of the interacting scalar fields ^g^- We aim at the defi- 
nition of a normal product iifjip-.g^ (2;i,a;2) with the property 

lini :^,ip:gjf {x + ^,x-^) = (99^) (x), (6.1) 

^ — >o ^ 

where x = ^li^a denotes the central coordinate and ^ = ^^~^'^ the difference co- 
ordinate. Taking the definition of interacting fields into account (chapter ^), we 
notice that it suffices to define the corresponding T-products. This is illustrated 
in 

4 
1.1. The easiest example. We consider scalar ^-theory. The task is 

to determine T{^,: ip,(p ■.){y,xi,X2)- We proceed in the following way: First 

we define ^T{^,: <p,ip ■.){y,xi,X2) which consists of the usual T-product with 

a;i,X2-contractions omitted. Then we subtract a suitable term with support on 

y = X that allows for the restriction. Obviously we have 

'>T{J^,:y,,ip:){y,xi,X2) =:^^^^{xi)ip{x2): + (6.2) 

+ iAF{y-xi):^^{x2): (6.3) 

+ iAF{y-X2):^^ip{xi):+ (6.4) 

+ tAF{y-xi)iAF{y-X2):^^^:. (6.5) 

The problem for the definition of the restriction of ^T emerges on the last line, 
where after setting xi = X2 (= x) we obtain a Ai?(y — x)^-term that is not 
well defined. Graphically this procedure produces a loop, see figure ||. But we 



?^o 



Figure 1. A loop is generated if^ -^ 0. 

can find a term which subtraction allows for putting xi = X2 = x, yielding 
T(^, (/7^)(y,x) with its respective normalization. We claim that with 

e(2)(^)= I dziA^{z-i)iA^{z + i)w{z) (6.6) 





the subtracted distribution 



=(2)r 



iA^ {y - xi)iA^ {y-X2) = iA^ (y - xi)iA^ [y - X2) - 5{x - y)e^'> (C) 

R 

(6.7) 
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allows for the coincidence xi = X2 <^ ^ = after smearing with a test function. 
We calculate 

/ dy iApiy - xiji/^piy - X2) f{y) = 

= j dyiApiy - xijiApiy - X2){f{y) - w{y - x)f{x)), (6.8) 

and this implies 

hm (zA^(. + OiA^(. - , /.= ) = <^'(A^)^ W^q.^^U) , (6.9) 

with fx{y) = f{y + x), which proves our claim. Note, that the coefficient in 
front of the 5 term is given by 

e(2)(0 = y"dz^o(°T(^^'\:V^,V':)(^;e,-0)^^), (6-10) 

where the ^'^' again denotes twice differentiation with respect to 9?. Now we 
return to the complete T-product. Collecting everything into one expression we 
find 

T(^,:(p,V^:)(y,xi,X2)=°r(^,:V5,V^:)(y,xi,X2)-<5(2/-x)e(2)(^)i^(|L^. 

(6.11) 

Because of the 5 distribution we have set the coordinate of the last Wick mono- 
mial to X. 

Remark. As well as the center coordinate x we could have chosen any other 
point on the straight line between xi and X2 (or also in the causally completed 
region spanned by these two points) for subtraction. But our choice is inspired 
by Zimmermann's work, moreover yielding a symmetrical solution. 

Now we generalize the idea of subtracting a local term that compensates 
the overall divergence. Thereby we make use of the method of Epstein-Glaser 
where all lower order divergencies are appropriately handled by an 

1.2. Inductive causal construction. We begin with a brief overview of 
the construction. Motivated by our example above we define the bilocal T-pro- 
ducts in the following way: Denoting the sub manifold 

Diag^ = I (yi, . . . , y„, xi, X2) G M"+2|y^ = . . _ ^^ = x^+X2 1 ^ ^^ ^^^ 

we require the bilocal T-product of order n (where n is the number of the 
coordinates not including the two bilocal points) to be given by all bilocal T- 
products of lower and all local T-products of lower and same order on M""*"^ \ 
Diag^. This provides for a "T-product which yields the local ''T-product in the 
limit ^ ^ 0. Then we subtract a term with support on Diag^ such that the limit 
^ ^ exists and yields the corresponding T-product. Hence in every order the 
difference between a local T-product (with xi,X2-contractions omitted) and a 
bilocal one only consists of these local terms. 
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In zero'th order we define: T(: if, if :)(xi,X2) =: Lp{xi)(p{x2) '■■ Using our 
shorthand notation for the arguments {N can be any set of Wick monomials) 
we require the following causal factorization properties: 

T{N ■.ip,ip:){yN,xi,X2) = 

'T{I){yi)T{N\I,:^,ip:) {yN\l,oci,X2) , if I > N \ I,xi,X2,I ^ $, 

T{I,:^,^:){yi,xi,X2)T{N\I){y^\j), if I, xi,X2,> N \ 1,1 ^ N, 

T{N, LP, if) {yN, xi,X2) + 

+T{I){yi)[T {N \I,:ip,ip:) {yj,\i,xi,X2) + 

-T{N \ I, If, ip) {yN\i, 2;i, X2)] , if I,xi > N\I,x,X2,I j^ ^, 

T{N,Lp,ip) {yN, xi,X2) + 

+ [T{I,:ip,Lp:){yi,xi,X2) + 

-T{I, ^, ^){yi,xi,X2)\ T{N\I) {yN\i) , if I,xi,x,> N \ I, X2,I + N, 

the last two expressions with xi ^^ X2- 

(6.13) 

We convince ourselves that this a reasonable causal factorization. If xi,X2 are 
contracted to a point, then the first two equations obviously give the right 
causal decompositions. We investigate the last term on the third line, where 
I,xi > N\ I,x,X2- If ^ — > we find 

T{I){yi)T{N \ I, ip, ip) {yN\i, a::i, 2:2) = 

= T{I){yi)^{xi)T{N \ I, V9) (yjv\/, ^2) 

^=° T{I, ^){yi, xi)T{N \ I, ip) {yM\i, X2) (6-14) 
= T{N,Lp,ip) {yN,xi,X2), 

since xi becomes earlier than all yj. This term cancels the first term of the 
third line in ( |6.13| ) leaving the first line of ( |6.13| ) . A similar consideration leads 

to the same conclusion also for the last line of ( |6.13| ). 

This shows that the bilocal T-product is completely determined by ( |6.13D 
up to the sub manifold Diag^. In contrast to the definition of a local T-product 
where one has to perform an extension of the numerical distributions involved, 
the bilocal product can be defined by a suitable subtraction. This is due to the 
fact that all terms are well defined distributions in n + 2 variables. We state the 
solution: 

T{N,:ip,ip:) {yN, xi,X2) = 

= T{N,ip,ip){yN,xi,X2) -uJo{T{ip,(p){xi,X2))TiN){yN) + 

y y y y ^-^d^6{i-x)x ^ ^ 

7CAf |7|<LJ/ |a|<a.)7-|7|/i+i'=« ^ 

X {ef^\i)-af^\i))T{^\I,d^pP) (y^\„x) , 
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where 7 G W^' is a multi index and /i, z^ G N^'^' are multi quadri indices. 
Therefore the term d^6[I — x) = Wi,zid^^5{yi — x) (and /ii can be ^up for 
example, with p.,v.,p usual Lorentz indices). The number w/ refers to the sin- 
gular order of the numerical distribution ujq (T{I,ip'^){yi,x)) and is given by 
uji = X^jg7 dim Wi + 2 dim (/? — 4|/| . Hence the sum over / only runs over subsets 
for which the coincidence of xi,a;2 produces distributions with non negative sin- 
gular order. These are ordered into subgraphs by the sum over 7. Only graphs 
for which their corresponding order, namely loj — I7I, is non negative (7 is a 
derivative w.r.t. (p and therefore the singular order decreases with increasing 
I7I) are taken into account. The sum over a refers to the usual subtraction 
procedure (running from up to the order of singularity of the corresponding 
distribution). As a matter of fact it has to be split into an action on S and on 
r(. . . ,1^"^) since we changed the coordinate of (p^'-{yi) into ip'^^{x) according to 
the 5 function (see also the example at the beginning). 

To explain the coefficients, we have to introduce the corresponding ^T- 
product which is the same expression like (|6.15|) up to the last sum which does 
not contain the term I = N. So 

°T(iV, :(/9,c/?:) {yN,xi,X2) = 

= T{N, ip, p){yN,xi,X2) - ujQ {T{ip, ip){xi,X2)) T{N){yN) + 

-EE E E l^s-'.u-.ox 

/CAf|7|<(^_r |Q|<(^j-|7|^+i'=a ^' ''' (b.ibj 

Hence T and °T only differ by a term with support on Diag^. The coefficients 
e" are given by the expression 

ef^\i) = Jdzjz'^uo (°r (/W,:(^,(/.:) {yi,^,-0) ^/(.)(^/), (6.17) 

where again I^'^' = {W^ ,i G /} and the exponent *■'*''-' means 7^ fold differen- 
tiation with respect to 93 in !B. The coefficients a" are chosen in such a way, 
that Lorentz covariance is conserved. The function Wj(^) is the auxiliary func- 
tion used in the extension process of the distribution ujq {T (I*-'^-' , v?^) {yj,x)^ of 
the \I\ difference coordinates yi — x, . . . , y\i\ — x^ 

We require our bilocal products to fulfil normalization condition N3 in the 
corresponding form, namely 

[T{N,:ip,ip:){yN,xi,X2),(p{z)] = 

n 

= i Vr (Af('^'=), :(/j,c^:) (y^,xi,X2)A(yfc - z) + 

fi ^ ' (N3') 

-F iT {N, ip) {yN,xi)A{x2 - z) + iT {N, ip) {yiy, X2)A{xi - z), 



^Without loss of generality / = {1,...,|/|}. 
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and Cfc = (0, . . . , 1, . . . , 0) G N" with the 1 in the fc'th position. 



1.3. Proof of the restriction property. We show that ( |6.15|) yields the 
right T-product by restricting xi = X2- Our proof requires the validity of N3' 
which is proven in the next subsection. Unfortunately our proof still lacks an 
existence statement for the distributions a/(^), necessary for the conservation 
of Poincare covariance. Hence we have to assume that they exist. 

Assume that up to order n — 1 the bilocal T{N, : ip,ip '■){yN, xi,X2) exists 
and its restriction xi = X2 is given by T{N,ip'^){yN,x). We show that T has 
the right causal factorization ( |6.13 ). We write ( |6.15D as 



T{N,:ip,ip:){yN,Xi,X2) = T{N,ip,ip){yN,xi,X2) + 

-E E E E'^''^''\l,ip,^){yi,x,OTiN\I,d''^'^){yr,\j,x). 

IcN\'y\<UI\^l\+\u\<uJI-\'r\ 

(6.18) 

The E'"'^'^'> are given by 

/x!z^!7! 

(6.19) 

with S'^^(^) (0, if, ^)ix, = Si;6-oS2^o (Ti^p, ^){xi , X2)) |,^_,^=2€ 

(6.20) 

and suppE^"'^^\N,^,<f){yN,x,0 CBi&g^,N ^(/}. (6.21) 



If L > N \ L,x,xi,X2, we have from (|6.18|) : 



T{N,:ip,ip:){yN,xi,X2) = 

= T{L){yL)T{N \ L, ip, ip) {yN\L, a^i, 2:2) + 

- T{L){yL)E{%, ^, ^){x, i)T{N \ L) (y^r\i) + 

- E E^'''^^^(^'V''V')(y/'^'OnA^\^,5V)(y7V\/'^) 

= T{L){yL)T{N \ L, ^, ip){yN,xi,X2) + (6-22) 

-T(L)(yi) Yl YE^^(^'\l,ip,^){yi,x,Ox 

ICN\L'y,fJ;l' 

xr((iv\L)\/,5V)(y(^\L)\/,x) 

= T{L){yL)T{N \ L,:ip,ip:) {yN\L, xi,X2) • 
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If L, xi '^ N \ L, X2,x, with xi > X2 we find: 

T{N,:ip,ip:){yN,Xi,X2) = 

= T{L, ip){yL,xi)T{N \ L, ip) {yN\L,X2) + 
- T{L){yL)E{^, ^, ^){x, OT{N \ L) (y^^^) + 

= T{L, ip){yL,xi)T{N \ L, ip) {yN\L, ^2) + (g 23) 

IcN\L'y,^J■,|^ 

xr((iV\L)\/,5V)(y(7V\L)\/,a;) 

= T{L, ^){yL,xi)T{N \ L, p>) (yjv\L, ^2) - T{L){yL) x 

X (T{N\L,ip,ip) {yN\L, xi,X2) -T{N \L,:ip,ip:) {y,y\L,xi,X2)). 

A similar calculation also shows the right causality decomposition, if x is in the 
later set. 

Because of this causal factorization property and the inductive assumption 
we immediately have 

Or(A^, : ip,ip:){yN,x, x) = ^T(N, ip^){yN, x), {yN, x) G M"+i \ Diag„+i . 

(6.24) 

We show that the same equation also holds for the T-products. Because of 
N3' it is sufficient to consider vacuum expectation values only. Inserting the 
definition ( |6.15| ) we find: 

L0Q{T{N,:Lp,ip-}){yN,xi,X2)) - ujq {°T{N,:ip,ip:){yN,xi,X2)) = 

= - E ^-^d'^^iyN-x){e%^'\0-a%^'\0). (6.25) 

\a\<ujM 

Since the vacuum expectation values are translation invariant we use the coor- 
dinates Zi = yi — X and z = {zi, . . . , Zn). We set 

t{z,0 =iOo{T{N,:ip,ip:){z,t-0) , (6.26) 

°t(z, = u;o (°r(iV, : if, if :){z, ^ -0) • (6.27) 

It follows that 

Q^W^-tN _ / J,. 0+/^ c\^a 



eT (0 = j ^^N 'tiz, 0^"^«7v(o) (^) (6.28) 

in this notation. Now, by smearing with / G ^^(M") in the z coordinates we 
find: 

(t(-,e),/> = (°t(-,0,W^(..;«,,(o))/)+ E -^^dViO). (6.29) 

|o|<(jjv 



78 6. OPERATOR PRODUCT EXPANSIONS 

Because of the sufficient subtraction on the test function we can put ^ = 0. 
Then we have 

t{z,0)=LJo{T{N,y^^){zN,0)), (6.30) 

where the constants a^ (0) can be chosen to produce any normahzation of the 
RHS. 

1.4. Lorentz covariance. Due to the definition the bilocal T-products are 
translation covariant. Namely, they are products of translation invariant numer- 
ical distributions and operator valued Wick products because of N3'. Therefore 
we have to consider Lorentz covariance for the the numerical distributions only. 

If ^t transforms covariantly under the Lorentz group 

A't{z,0 = D{A-'ftiz,0, (6.31) 

w.r.t. both variables we find that t transforms the same way, ii0 

(A"^Z)(A)A - 5^) e'^(C) = (A%i?(A)A - 5^) a^(C) (6.32) 

w.r.t. C With e^ from ( |6T7| ) this leads to 

dz^tiz,C)z'^{Aw-w)iz) = (A°^I?(A)A - 5)1) a^(0. (6.33) 

The RHS is a one coboundary, which we have to solve for a^. We assume 
that there are solutions ©'(M) 3 a^ ^ e^ with the property that a(0) exists. 
Unlike in the case of usual T-products (cf. chapter |3|, section ||) we have no 
existence proof, so we have to impose it as an assumption. Moreover we see 
that a^{i) is determined by the RHS of ( |6.33|) only up to terms h^{C), with 
K'^pD{K)Khf{i) = h^{i). 

If the central solution {w = 1) exists a can be chosen as 

a-(e) = j dz h{z, Oz'^iw - l)(z), (6.34) 

which fulfils all properties. It simply replaces the subtraction with auxiliary 
function w by the central subtraction. 

1.5. Proof of N3'. We show that N3' holds by evaluating both sides 
independently. In the calculation we use the following formula, taken from 
|pF00b|| : 



19(9°F)_ ^ 1 ^JdV 



E i^Mi; ^^^> (6-35) 



where y € S is supposed to contain no derivated fields. We first investigate 
the contribution to the commutator of the RHS of N3' arising from the sum in 



^We suppress the indices / and 7 which are fixed in this problem. 
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( |6.15 ). The following term appears: 



^ [T{N\ I,d^^^^^ ■ • •a'^l^lvp^m) (y^,x),(^(z)] 



z^i!...i/|7|!7i!...7|7|! 



+ y y I ^ ,, (6.36) 

xT{N\I,d'''^^' ■■■d'''=^^^~^---d''\'\f^\'\) {yN,x)idP>=A{x-z). 

Without loss of generality we have put 1 = {!,... ,|/|}. Denote the T-product 
on the last line symbolically by T'^'=. Note that it only appears, if I7I > 0. With 
the equality 

(-)l^l « V- (-)l^l 

^j^d^6{y-x)f{y)= ^ ^dP6{y-x)dy{x), (6.37) 

we have for every A; G / (now / can be any subset of N) the following contribu- 
tion: 



V i4^9'^'=%,-x)T-'^-A(yfc-z). (6.38) 

p.k+yk=ak '^ 

Now we insert this result into the last term of ( 6.15| ), commuted with (p{z): 
[last term of ( |6.15P , fjz)] = 

ICN M<ujj \a\<uJi-M p.+i'=Oi '^ 

feeAf\/ 

-E E E E E ;J^«"*('-)x 

ICN l<\-y\<uJi k(^I lalKuJi-l'y] IJ.+u=a ^^ ^' ''^ 

X {ef^\0 - af^\0)T (N \ I, SV^'^'^) {yj,\j, x) iAiy^ - x). 

(6.39) 
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If we shift the multi index 7 —>■ 7+efc in the second term and note that e" '^'' 



e"(J) by definition of a", ( 6.17| ), we have: 



last term of (B.3 



= E E E E E^o^^i'--)- 

/CAfO<|7|<a;j--l fee/ |a|<a;j--|7|-lA«+i'=a (6.40) 

X (e;S (6 - a;;3 {0)T{N \ 1, 5^^) {y^\j, x) zA{y, - x). 
Then we can sum up both terms and obtain: 

[last term of ( |6.15| ), f{z)] = 

= E E E E E ^^'('-^)- 

k=llcN^^k)\-y\<LOi\a\<uJi-\'y\tJ.+i^=a'^ (6.41) 

X (e"(^^(0 - af'\0)T (n(^^^ \ 1,5^^) {y^\r,x) iA{y, - x). 



Note, that if fc E / the singular order ojj in ( 6.41J ) is automatically lowered 



by one compared to (|6.40|) since now k G A^('^fc). In ( 6.40| ) the singular order 
is measured with respect to the set / C A^ without differentiation of the fc'th 
symbol. 

This shows the equality of the last term, if we insert ( |6.15| ) into N3'. The 
remaining two terms of ( |6.15 ) on the LHS of N3' commute with ip according to 



[T{N, if, ip){yN,xi,X2) - ujQ {T{ip, ip){xi,X2)) T{N){yN),^iz)] = 

n 

= ^[t (iV(^^),(/p,(^) {yN,xi,X2) + 

/ r ^^ 1 (6-42) 

- LOO {T{v, ^){xi,X2)) T (iV(^'=) j {yN)\ iA{yk - z) + 

+ T{N, ip){yN,xi)iA{x2 - z) + T{N, Lp){yN,X2)iA{xi - z), 

such that they match the missing terms in the RHS of N3'. This finishes the 
proof. 



2. The operator product expansion 

In order to derive the interacting normal product {:(f,(f.)^ we only have 
to evaluate the R products which are given in terms of T-products according to 
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o. 



R{N;(p,ip){yN,xi,X2) - R{N;:ip,^p:) {yN,xi,X2) = 

= Y, {-f^T{I){yi) [T{N \ I, ^, ^) (y^\,, xi, rca) + 

ICN 

-T{N\I,:ip,ip:) (y^\j,xi,X2)] 



IUJUK=N fJ.,i^,'y 



IcN tJ;iy,-y 



(6.43) 



If we now insert into the power series for the interacting fields (ff.ll|) only the 
/x = coefficients contribute, since g \o= const. We omit this index on the 
E^^'^^'^' -terms. The RHS of ( 6.43| ) is just the n'th order contribution of the 
product of two power series. So we find the expansion: 

T(v9,^),^(xi,:r2) = (:¥.,(^:),^(xi,X2)+ j; Y. ^^^ (0 (0'^^'')^^ (x)- 

|7|<2Q<2-|7| 

(6.44) 

This is the operator product expansion. We used the fact, that the maximal 
singular order loq (T{N,ip'^)) is two in a renormalizable field theory. If the 
interaction is a sum of Wick monomials g ■ ^ = Yl!l-=i9r-^r, the expansion 
coefficients read: 



^;i?^(^) = E^ E 9rAx)---9rAx)x 



?i=0 ri,...,r„=l 



l7l<'^ri,...,r„ |a|<a;ri,...,r„-|7l 



Ml) 



VUiO + 



+ 



|dz;v^"c^o(°T(jf,(7i),...,^,(j"),:^,(^:)(z;v,e,-6)<.:-7:(^iv) 

(6.45) 



As was expected from the general theorem of the unitary equivalence of the 
local algebras | BF96| , the expansion coefficients depend only locally on g. 
The operator product expansion ( |6.44 ) has the general form: 



T{^,v)gj^{xi,X2) = {:ip,ip:)g^{xi,X2)+Efp{0lgjc+E°g''^\^)ipgjc{x) + 

(6.46) 



0(2), 



+ E^^^^^iOd.^M^) + e;%\o {V>')g^ {x 



.0(1) 



pM(1) 



If we consider a pure (/3^-coupling we have E"^^^' = E'^^' = 0, since the vacuum 
expectation value of an odd number of fields is zero. In that case the coefficients 
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read 

.0(0) 



E";Pio = i^F{2c)+Y.-^a{x) 



n=2 



4%(o + 



+ / dzivwo (°r(if, ...,if, :99,C(5:) {zn,^,-^) w^mizN) 



<w(0 + 



(6.47) 






n=l 



l7l=2 



7i!...7„ 



+ /"dz^^o(°T(^(^i),...,^(^"),:<^,(/p:) (z^,^,-e))u;^(.)(^iv) 



(6.48) 



.0(0) 



A closer inspection of the two terms reveals that E j^ contains the terms which 
appear in the mass and wave function renormalization. If we put w = 1 (which 
is allowed if m > 0) and do a resummation over one particle irreducible graphs, 
we would end up with the usual geometric series found in the literature for 
the interacting propagator (cf. |IZ85| ). In that case all disconnected graphs 
disappear. But this is only due to that special choice of normalization. The 
series E aJ contain the contributions to the renormalization of the coupling 
constant. 

3. Towards the definition of a state 

In this section we introduce the idea to define a state on the algebra of local 
observables with the help of the ope. We remind the definition of a state lo as 
a linear normed positive functional in the free field theory. In that case there is 
also an ope, namely Wick's theorem (cf. ( |3.19| ) - ( 3.21 )). The vacuum state loq 
on the algebra of observables (of the free field) was defined by loo{:A:) = and 
ujq{T) = 1. Since Wick's theorem allows to expand any observable into a series 
of Wick polynomials the state is uniquely defined. 

In the interacting field theory the fields are (operator valued distributional) 
formal power series in g. Denote by C^ the formal power series in g with complex 
coefficients. Following [pF99| a state u>g^ on Sl^^^f ((D) is a mapping: 

^9^ ■■ 2tg^(0) ^ C„ 



•-9' 



^gjf {o-g^g^ + Eg^) = agUJg^{Ag^) +UJg^{Bg^), 



ttg eCg 



^9=5- {A*g^) = ^g^ [AgJ^) 

^g^%^) = 1, 

^gif ) Eg^ G 2tgi?(0)- Inspired by the definition of the vacuum state for the free 
field algebra we set 



(6.49) 
(6.50) 

(6.51) 
(6.52) 
(6.53) 



^9A{-A:)gj^)=0, 
^gJ^%J^) = 1- 



(6.54) 
(6.55) 
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Unfortunately we do not have an OPE for the general product of interacting 
fields and time ordered products of them. But we can already check, if the 
above criteria hold in our case. 

We consider pure 99^-interaction. Since (:(/?, (/7:)*_^ = (:(/?, yj:)_^ on V the 
adjoint of ( |6.46 ) is: 



(6.56) 
The singular order of E^^^' is 2 and of E^^"^' is 0. Therefore we can form 

H^gJ^{xi)ipgj^{x2) = 

= e{x\ - xl)T ((^, ^)^^ (xi, xa) + e{xl - x\)T ((/?, (^)^^ {x2, xi). (6.57) 
Then the interacting two point function is given by 



(6.58) 



For the notion of positivity we refer to the work |DF99|. A formal power series 
Cg B bg = Y2n ^nS" is defined to be positive if it can be written as the square 
of another power series bg = c^Cg. This is equivalent to the conditions: 6„ G 
M,Vn G No and for the first non vanishing bi it is required that bi > and / is 
even. So for / G D(M) we have: 

W2,gi?(7, /) = 

= y"dxdy (e(x° - y^)ElPix -y) + e{y^ - x^)eI%\x - y)^ W)f{y) 
2 I dxdy Re 0(xO - y°)i?°S^(x - y)7M/(y), 



(6.59) 
is even. The first non vanishing contribution comes from the free two point 



where we exchanged x <-> y in the second integral and used the fact that E ^^ 



function which is positive, cf. ( |2.22D . Under the above criterion our two point 
function is positive. 

4. Remarks 

Our OPE is a consequence of the definition of our normal product of two 
fields. The definition for other but scalar fields can be derived straight forward 
by the applied methods. A generalization to composed fields requires a modi- 
fication of the terms arising by xi,X2-contractions. Unfortunately, we have not 
succeeded in finding a definition for higher order (> bi) normal products. 

On the other hand the bi-OPE already contains all contributions which are 
necessary for the definition of a mass-, wavefunction- and coupling normaliza- 



tion, which up to now always requires the adiabatic limit |Sch95|, |EG72]. For 
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the first two of them this should be possible by a suitable condition on the mea- 
sure that one can derive from the Jost-Lehmann-Dyson representation of our 
(time ordered) two point function. 



CHAPTER 7 



Conclusion and Outlook 



We have provided for an explicit Poincare covariant normalization in the 
Epstein-Glaser approach to renormalization theory. Beside its meaning as a 
closed loophole in the inductive construction it can be useful for the practitioner. 
Especially for massless theories where the central solution does not exist this is 
an advantage. 

The local conservation of translation invariance by means of conservation 
of the EMT is likely to be generalized to an arbitrary coupling containing also 
derivated fields by the same method. Discussing these (and all other) sym- 
metries locally by suitable Ward identities moreover shows the advantage that 
massive and massless fields can be treated on the same footing. 

An open problem still is a local definition of the /3-function. The validity 



of the equation 0impgif'^„ = 2/3^g_5f, as conjectured by Minkowski | Min76 | 



and verified by Zimmermann's normal product quantization | Zim84 ] has to be 
examined in the local perturbative approach. This might reveal how the free 
parameter which is still present in the trace anomaly in (/j'^-theory as discussed 
by us has to be chosen. A similar problem addresses the anomalous dimension. 
The anomalous terms found by our procedure still lack the possibility to derive 
the anomalous dimension of the interacting field as a real parameter (in form of 
a formal power series). 

The OPE has produced power series as algebraic structure constants. These 
depend on the coupling only locally and may therefore serve as the right objects 
for the discussion of wave function, mass and coupling constant renormalization 
independent of the adiabatic limit. 



"... There is another theory which states that this 
has already happened." 

- Douglas Adams, "The Restaurant at the End of 
the Universe" 
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APPENDIX A 



Representation of the symmetric groups 



Everything in this brief appendix should be found in any book about repre- 
sentation theory of finite groups. We refer to | Sim96| , BoeTO, FH91 |. The group 
algebra Asp consists of elements 



a=^a(<7)-5, b=J2f^i9)-9, (A.l) 

gGSp g&Sp 

where a, /3 are arbitrary complex numbers. The sum of two elements is naturally 
given by the summation in C and the product is defined through the following 
convolution: 

a6 = ^ a{gi)(3{g2) ■ 9192 = ^ 7(5) • 9 with (A. 2) 

91.92 g 

7(5) = Y. «(5i)/3(52) = Y. ^(9i)P{9i''9) = Yl «te"')/3(52). (A.3) 
9192=9 91 92 

The group algebra is the direct sum of simple twosided ideals: 

Asp = he---e Ik, (A.4) 

and k is the number of partitions of p. Every ideal Ij contains fj equivalent 
irreducible representations of Sp. Ij is generated by an idempotent ej G Asp- 

Ij = AspBj e/ = ej. (A. 5) 

These idempotents satisfy the following orthogonality and completeness rela- 
tions: 



CjCi 



k 

6j, Y^j=^- (A-6) 

J=l 



The center of Asp consists of all elements ^ ■ ajCj, Uj £ C 

Every permutation of Sp can be uniquely (modulo order) written as a pro- 
duct of disjoint cycles. Since two cycles are conjugated if and only if their length 
is the same, the number of conjugacy classes is equal to the number of partitions 
of p. Denoting the j'th conjugacy class by Cj we build the sum of all elements 
of one class 

kj=Y''^ -^Sp (^■'^) 
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which is obviously in the center of Asp, too. So we can expand ki in the basis 



e,-: 



k ^ 
K'l = hi y ^ ~rXj\Ci)ej, 



i=i 



/. 



(A.8) 



where Xji^i) is the character of the class Cj in the representation generated by 
Cj and hi is the number of elements of q. The dimension of that representation 
is equal to the multiplicity fj. 

The construction of the idempotents can be carried out via the 



Young tableaux. A sequence of integers (m) = {mi, . . . , mr),mi > 1712 > 
• • • > rrir with Xlfci ~ P gives a partition of p. To every such sequence we 
associate a diagram with 



mi boxes 
7712 boxes 



•••D 



called a Young frame (m). Let us take p = 5 as an example: 



(5) 



(4,1) 



(3,2) (3,1,1) (2,2,1) (2,1,1,1) (1,1,1,1,1) 



An assignment of numbers 1, . . . ,p into the boxes of a frame is called a Young 
tableau. Given a tableau T, we denote (m) by {m,){T). If the numbers in every 
row and in every column increase the tableau is called standard. The number 
of standard tableaux for the frame (m) is denoted by /(„) . It is equal to the 
dimension of the irreducible representation generated by the idempotent et„^\ . 
We now answer the question 



How to construct e 



(m)' 



Set 



TZ(T) = {tt £ Sp\TT leaves each row of T set wise fixed}, 
C(T) = {tt £ Spin leaves each column of T set wise fixed}, 



and build the following objects: 



Q(T)= Y, sgn{q)q, 

<7G7^(T) 



(A.9) 



then 



e(r) = l^P{T)Q{T) 



p\ 



(A.IO) 
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is a minimal projection in Asp (generates a minimal left ideal). The central 
projection (generating the simple two sided ideal) is given by 

^ f(m) 



-(m) 



p\ 



T\{m){T)={m) 



e{T). 



(A.ll) 



Example p = 3. The frame 



has only one standard tableau Ul2|3| 



. All different tableaux in ( [A.ll ) lead to the same idempotent ( A.lOl) which is 
just the sum of all permutations. 

e(3) = ^(1 + (12) + (13) + (23) + (123) + (132)). 



For the frame LH we only need the column permutations in ( |A.1Q ). We find 
6(1,1,1) = ^(I- (12) - (13) - (23) + (123) + (132)). 



The frame I I has two standard tableaux. For the tableaux lAl , Lll , lA 



we find: 



^(2,1) 



^{(I + (12))(I-(13)) + (I+(13))(I-(12)) + (I+(12))(I-(23)) + 



+ (I+(23))(I-(12)) + (I + (13))(I-(23)) + (I+(23))(I-(13))} 



1 



-{2I-(123)-(132)}. 

Up to order p = A the central idempotents are given by the sum of minimal 
projectors of the standard tableaux - they are orthogonal. 

The characters in the irreducible (m) representation can be computed through 



X{m)\ 



p\ 



^ sgn(^). 



^|(m)(T)=(m)pe7^(T) 
pq=s 



Many other useful formulas can be derived from the Frobenius character formula. 
Interchanging rows and columns in a frame (m) leads us to the dual frame (m). 
For the characters one finds: Xf^^i^) = sgn(s)x(m)(s)- There is a nice formula 
for the characters of the transpositions in [|FH91| : 

Define the rank r of a frame to be the length of the diagonal. Let Oj and bi 
be number of boxes below and to the right of the i'th box, reading from lower 

right to upper left. Call ( , ' ' ' , '^ j the characteristics of (m), e.g. 



X 












X 












X 





















3, characteristics 



3 4 
2 5 
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Then 



APPENDIX B 



Notations and Abbreviations 



Vt^u = 


/I 
0-10 
0-1 


0\ 






\0 


-V 


f l\ 

\-i oy 




N,M,C 

M Minkowski space 




2l,53,e 


^^9 





f{p) = fdxf{x)e'P^ 

f{x) = j2^Jdxf{x)e-^P- 

j^class 

T{N){xn) 
R{M;N){yM;xN) 
N = {Wi, . . . ,Wn} 

XN = {Xl,... ,X„) 



Minkowski metric 



Spinor metric 

Numbers: positive integer, real, complex 

Test function spaces: compact support, rapid 

decrease, infinitely differentiable 

Algebras: free quantized field. Boas algebra of 

symbols, sub algebras of generators and basic 

generators. 

Hilbert spaces: Hilbert space, dense domain of 

definition, Fock space 

Lagrangian 

Fourier transformation in M" 

Commutator function, Feynman propagator 
Massless commutator function, massless Feyn- 
man propagator 
Classical field G ©(M) 
Symbol G 6 C «8 
Time ordered product 
Retarded product 
Set of symbols Wi £ ^ 
n-fold coordinate vector G M" 
Interacting field with local interaction g^, g G 
!D(M),^ G *B, in case of more couplings g^ = 
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